
MI T/LCS/TR-200 

Loo ics of Pr ograms: 
Ax iomat ics and Descriptive Power 

David Harel 



This blank page was inserted to presenie pagination. 



MIT/LCS/TR-200 

Loglos of Programs: Axlomatlos and Desorlptlve Power 

by 

David Hare1 

May 19'18 

This research was su,f,orted in part by the Yad-Avl RothC:hild Foundation 
in Israel, and In p._ by the National Sdence Foundadcltdlftcler tontract 
no. MCS16-18461. : 

Cambridge 

Massachua;etts Institute of Technology 
Laboratory for Computer Science 

. Massachusetts 02139 



Keywords: 
arithmetical axiomatization 
arithmetical completeness 
axiom system 
computation tree 

divergence 
dynamic logic 

execution method 
failure 
first-order logic 
guarded commands 
logics of programs 

propositional dynamic logic 
recursive program 
regular program 
relative completeness 
total correctness 
weakest precondition 



Logics of Programa: Axlomatloa ••cl Dearlptlve Power 
by 

David Harel 

Submitted to. the Department of [~Acal ~.Al'I:~,~ .~ 
on May9,.1'11,l'1~···fJ#'jJll,.:ct~~~~ . 

for the degree of Doctor: of Pltilolaphy. · 

This th.esis is. concerned wi.tl;\.~Jl,~~~.of' ~...,,~ toQk:for:J~a,,1 
about ~puter. prOJr~ .. I~'.~ J.lto .• iMd· ~ .. ;;...,~rues cl . 
various d'nGJll/.t 1.o1KJ 9"lth .Q e,lnpbuts.an _,.. .,......_~.~.It~ prOG!f ''*'°"'· 

First, rigorous definitions of the propesitlona~ and. ftntl'"Ofder dynamk logics 

are given,.with.~et:Ql>~-.,~~-W . .f!~,.~M•Ml•q(4'1 J .... c:lus 
of programs w~h ,~ -~ ~.dilcU$1.;;; A ~P,Mt..,;ol\dte~ obt~. to ,' 

date in J"e tnv·~ ~.P~·-Af:-Wr•··~~Ye. 
Then, a proaf .. &heory ts ~· ltase4 ... ~·"" cfr~timJ,.~ ~ CJRtet 
dynamk logics~~,to .. f#,~ ~~· 1~~~~~and 
proved aritltJMticall1 cornflltt• for the regular ( ftowchanl) and context-free ( recurst• 
programs) cases. The notionl of dlwr&1111 andfalll•f are theft tntroduc:ed, with the aid 
of which the~ of th! t11t4l,Eorrlatlf1S ;¥.(~ ~"'1~.t.am ,... . .,. ... and 
the concept of a .,_.ust ~.~r.A ~ ........ of !ht= 
properties of diVerJ#'C:~,f~~·.t·,~·~·~---~~~st,~ of 
arithmetically ~-M~ta...,~ .. r~ -~-:~:Wla 
obtained by supplying dynamtc: logic wtth the abHlty to dtqaa di•ercinC dtnCtly. 

Throughout, the prescnt~ion ..,....~--~tit -~·ps tnteresllnc 
prope~ties of ~-ts· and to."8 ~ .,,,,.,,thmn ..... ~· '.' 

Thesis Supervisor: Vaughan R. Pratt, Auoctat'e Professor of Computer Sdence. 



2 

Aoknowledcnaenta. 

T.he Orat thanks go to my dear wtfe Varda who,..,..... with our youne daughters 
Sarit and Htcta, h•--•f1f·19put.., ---~-;If,_., llMt -~·ftle with more 
warmth, .love ad ~·81atf· . ...,..W'*"'lftaW·'w~1t.11f·f4lr.· · 

I am grateful for the unparalleled oppertunlty te have worked with Professors 
Albert Meyer and Vaughan Pratt over the put tweMJ manths. Alhrt's ways of tMJOght, hb 
inspiring and challenging ideu ~ thoreueh ancl a1ttCat mmm•• have no dcntbt had the 
most pTOtound h'tflutlice on --.er~ ---··~·•ve1DPW'·~ my MIT 
experience. "'au.Ch•'•-~ ....... ._,r;iii-..r:.n.t'va.u.t. ... "ror me,· 

·. ;and Without tits p~ -.rt - """* •Twiilffiillv~· ~Ufa thens 
topic. 

I wa..dd like to tftaril Ntchum Dershowftt' ._ · A41· 1Mmittor .fna"Y heUrs of 
stimulating Otset.illlGm Gl'I a •-.rletY ~ .-· ,.-.-., th11hn_,. an iht1·~ I 
have also l'reimd 11e1.-. .... ..,.,. ~...,fft!IM~··· corm;tonct~ Wtthr or 
recetving'tofMlema f'temf.itCar:w. 11~;'......-f'.Wilr;:tltr lhttt~Jefttry·Jane, 
Rkhard tww·, lG1¥1t'Paftttt9 A• ~,. . ......,..,_,wr~lllWt' Ttta..u to 
them a:ll. ··· 

Albert Metter &Rd Adi Shamir dtd a ~ job as readen~ contrib\lting stgntfk:antly 
to the clarity and _,.ical cDlrect11•.,.;• ._.,.._ . ., ....... klsdthanks -~ · 
Jon Doyle far a·v01umary ftif.._ :proofWtittttfl; •jk.ilf:M'.,.'PM'i t•fOtarla 
Marshall for hetfMng me turvf•• whatrm ~'h-dltpi t·~e1m. · 

financial support w-. kindly provided by a two yar srtnt from the Yad-Avl 
Rothchild fOUftdation tn Israel thfOPlh the9fflcil eftit'4taft .,..,..,,·and by NSF 
grant no. MCS16-1U61. Thil" cl«ument. ns .,....... M .• ,_.. 'il'¥1Ul'hln Pratt's 006 
editing· system. · 



.' ·'. 

Table of ·Contents. 

Abstract. 
Acknowledgments. 
Table of Contents. 

0. Introduction. 
0.1. Htstory. 
0.2. Synopsis. 
0.3. . Credits. 

3 

Part I: Blna,..,..R1latlon Basld Lo,its. · 

1. Regular J>ropostttonal t)ynamtc.:Loctc (PDL). 
1.1._. DeflniUons. .. 

lJ.1. Elementary POL ( EPDL). 
1.1.2. POL 

1.2. Resu~ 
1.3. Axiomatization. or PDL 

• .. 
• • . • 
. . 
. . 
• • . . 

. . 
•·'. 
• • 

• . . • 

• '. .:. . . 
•. . • • . • .. ,·,.-
. . . . 
• . • . . 
• . . • . . . . 

. . • . 
·~. ·' . ~ 
• • . .... . • .. .. 
• • . . • 
• • 

• • . ... • • 1 
• • • • • . 2 

• • • • • • 3 

. . • • 6 
• • • , • • 

, 
... • • • .. • 8 
. . • • . ~ 10 

• . . • 12 
• • . '' • . 1~,, 

• -.,t ,,. ·• • • 12 
... . . '. . .. • 14 
. • ~ • • • • 16 

. . . 19 

2. Regular first-order Oyn~ic Loctc (DL). • • • • •• .. • .. • • • • 22 
2.1. Definitions. • • • • • • • • • • • , 22 
2.2. Descriptive Power. • • • • • • • • • • 21 
2.3. Variations. • • • • • • • • • • • • · 28 

2.3l. ·Array Awpment. • • • • • • • • • • 29 
2.3.2. Random Assignment. • • • • • • • • • • 29 
2.3.3. Rtcti Test. • • • • • • • • • • • • ' 31 
2.3.4. Determtniltk: Dynamic~ (DDL). • • • • • • • • • 31 
2.3.S. R.e. DYnamtc top:. . . . • • • • • • • • ·33 

2.4. The Validity Problem for Di.. • • • • • • • • • 34 

- --------·-------------------~--



4 

3. Arithmetical Axiomatization. • • • • • • • · • • • • • 36 
3.1. The Theorem of Completeness and Artthtnlttcal Untwrses.. • • • 3"1 
3.1. Axiomatization ol DL. • • • • • • .• · • • • • • 42 
3.3. A Derived Axtomatlzatton of DDL. • • • • . • • • • • • • 48 
3.4. Related Work. • • • • • • • . • • • • • SO 

3.4J. Relative va. Arithmetical Compl•-. . . . . . . . . . SO 
3.4.1 lnftnttary A• lcMMtll--. • • • ." • • • • • • • • . S3 

4. Recursive Program~ Context-free 0,.Mtlc IAltc (CFDL). • • • • • ~ 51 
4.1. Definitions. • • .. • • • • • • • • • 51 
4.2. Resuks. • .. • • • • • • • 61 
4.3. Axtematization of CfDL. • • .. • • • • • • 64 
4.4. Mutual Recursion. • • • • • • • • • • • • 61 · 

Pa.rt II: Com/Jll.latton~Tr11 &aud Loglls. 

S. Computatton Trees, Total Comctness' lhd Wftkeat Precmd--. • • • 11 
s.1. Motiv1ttorL · • • .. • •. , • • • • • • 11 
S.2. Computation Treo, Dtvergiftl and,......._ . . . . . . . . . ·13 
S.3. Execution ·Methods and Tmal Corr«tMll • ·• • • • • '. • • 80 
S,4. Weakest Precondttiona.· • • • • • • • • • • • • 12 
S.S. Th~ Guarded Commandt 'Lancuap (CC). • • • • • • • • • • • IS 

6. The M•themattc:s of Diverging and F atltng I. 
6.l. Diverging.and· F•tltnc tn DL. 

6.1.l. ExpreaiftC '°"'• in DL. 
6J.1. Expresstnr foll,, in DL. 

6.2. DL Augmented wtth ,_,,, (DL+). 

6.2.1. Def'inltions. 
6.2.2. Axtomatizadon of DL •. 

6.3. A Pattern of leu0ntnc. . 
6.4. DL wtth an lteratton Qvandtter (ADL)~ 

. . . . . . . . . . . , 

• • •• • • • • • • • 
91 
91 

. . . . . . • • • • • • 92 

. .. . . . . . . . . . 

. . . . . . . . . . 

. . . . . . . . . . . . . 

. . . . . . ~ . . . 

. . •, ' ; •, . . . . . 
1' 

.: . . . . . . .. 
~ 
I 

94 
97 .,., 
99 

104 
·10'1 



s 

1. The Mathematics of Diverging and Faillng II. • • • • • • • • • • • • 110 
1.1. Computation Trees for Recursive Procrams. • ., ••• ." • • • • • 110· 
7.2. ·Diverging and FaiUng in CFDL. • • • • • • • • • • • • 111 

7.2.1. Expressing '°"l!•··in CFDL • • • • • • .• • • • • • 111 
1.2.2. Expr~ssi,.g.f41la Jn CFDL • • • • • '· • • • • • • 122 

1.3. CfDL .. A ugmentet.l w~ ,_,_.., · (.CFQL +), • • • • • • • • • • • • 122 
7J.l. Def injijena. . • • • • • • • • • • • •. 123 
'1.3.2. Ax~ of CFDL~. . • • • • , • • • • • 123 

7.4. Language Dependent ,Olftl"linc Ud:Fadmg. •. • •. • • • • • • • !ff·· 
··,:-. 

8. Conclusion and Directionl for ftature Work• . . . . . . . . .• . . . 131·. 

Appendix A: Relat.tonal Characterization of EPDL • • • • • • • • • • • • 133 
Appendix J:, [Kample of •:Proef of,a Dl.1tl IRP. , .• .• • • • • • • • • 136 
Appendix C: Example ef: a Proof "pf :a CFl>L--wff,ja R. • : .. .. • . • • • • • 13' . 
Appendix D: [~&fDPle of ,a Proot.i~a O&. + .wffJtt p+. .. • • • • • • • Hl 
Appendix.[; E~amPle of .a Pr.oof 4f a CfDL + ~ a'.lft• . • . • • .. 144' 

References. 
Biographical Note. 

• • • • • a ... • • • • • . . . . . . . . . . . . . "' •, 

151 



6 

O. Intr94u~lon. 

At one time or .another, ev-el'y prcJgrammer "- COMe ~cross the need to be' able to 
state soQ)e prQJJertY of his-p"Fam or programs th an ~ .ta~ .. Qutte often this 
property .ts r•:taG in-~ way_,,~ ~.:df;tM'~ .;._~ sorts 

its input <jat~.klg-orcier", 11thu PfGll'aM filbt-...,_ • ,..,,.,.. of tnput text" 
etc. Often-it is,,an undeair.aWeproperty..that iJ.Ql ....... ·~·,_.:am lefttains an 
infinite IOop11

, "this PLll ~;Ofi:tffU),... ,.._.._._,,_,..t'eautly 
as the original" etc. Cert~ lMle . ....._.. • Mt-fJf\ldle·atMI cauot be taken as a 
basis for a serious discussien about the.,.....,..• ••itton. Moaover, the need mtcht 
.arise, whiiher initiated by dte;pncrMtfMf IM&fllf'•4tt llt :*"liMtit·, to 1..,.,··lilfieklnd 
of proof of the truth of _ _... .daims. 

In. this thests we cake~ our•ve.s<the ..... Mllltd'fllialhemattca1 tools for 
expressing int.eiestjng ~- .._<P, ... W:,.,.-.-.-. ef!fhem Whfc'h, In • 

well deft• ~, .,-e er._ 'ibeae .twa ... -.; Jiijpt ·11t• 111dr-*'1pwftl •w 1iS 
landmar- t.hr~ the tNtliS. V~ ............ _.. ,,..YAlii"• ...... aetenfOr 
constructing tbem J~ in * ,.,,.,. fll..,. we,_.... tlke , ..... ab.le to n1Wns; then 
axiom systems are. developed f9r ~;the meti·YatWI . ..._ JODt«I m the need'-lGM'IMe 
to f'rove .those :thiagt. f'.h,is, . .t,MA, _,. ... wr tide. 

We believe that the virtues of rea'earcl1 in this .area are matnly in providing a 
sound and r.igoroµi fQ¥1Miational basil upon wMdl ,.._...., abeut pr.ograms can be carried 

out. It i~ '.not euentt.at, in our ...... , q, cwry out a pt!QOf Or the correctness of 
every program W1e writes, and~ not a pr8of '*'-tn·ICllMfermal axiOm system. 
However, it j,s import•nt to pGUiltll the abilty of...., IO when tequired. In addition~ 
wQrk in log•cs of programs provides a theoretical ..,.. fer ...._ computer-aided 
tools for reasoning about pregrtm1, ~ as •~• ...Wien er automatie 
proof-chec~ers. We are aa qf the opini8n that, ·mudl 11 a ~ieian, when proYing a 
thec:»rem in algebrak.tqpology, benefits from Ms kaewledp ~. sa1, the bastes of 
PJ'edicate calculus, an understandinJ of iiSUeJ such u U.. diKU$Hd In thb thesis 
results in a sµbconscifnJs accumulation of important prap......mg .knowledge. This 
knowledge, attainablie even .. the tevel or ..... .,, ........... , iftdudes understandtnc 
the inner workings of such baait programmtnc ....-.. -. ..........,, choke, iteration, 
recursion, infinite computations etc. 
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The remainder of this intl'9duction ii. devoted to a brief historlcal account of 
work whi~h. infl\U!nced the d~Y~ of .ihe ........ ~ ~~· OJ) t a .. 
Chapter,~by~Chapter iummary. and ~,.cripUon .r wlJat 1$. .. ~ ~J~en;OJ) and ~ .shqrt · 
explanaUor;t or .the policy . ..a~. by,whkfl ...., • .-l ~th¥ the author'• ~JI la. ,11o 
included (Section 0.3). . .. · . . ; . . . . . . . . 

0.1 History. 

Early work towards prov.idiDC Jftlt""-.t ~Jor,(~tnc a~t P,~ramsdates 
back to Turing [6~ and YQ,O .~ .ti6),.. ~.St:i~,o . ..-~ :~ ~tt~: ~be. 
first serious attempts solely devoted·to·that end art· .. thole·of F1eyd CIT.I and .NUJt,{~l,qn 
the tnoartant ass1rttmt method for provlng·the ~ correctneu of programs, ·rolk:rwed 
by the lntr(Miuction, by, .,.., C21l, pt.~ •ktm ,,_.,~.-.. ~,Uta' met~ 

The wQrk we pr~t in this tbesls il .• ,J ........ ~·-··.,.,.Pratt'~ C.SU 
found~ional awdy of the~ of Flq~-~~ ~ Jin r~ •. i.,~,.,ry .version 
of CS2l in. the. form of ·dui ,_.,,,,~. ~rlUtn - ~*1'J. An!.~ 1"4~>. It 115 m _CS2l 
that the:;,mod~JAcjc of,P,BJCr,~~·~··~~·~'or QL, t.-it~l) wu .. 
suggested ... ~ P;OW«ful .a.~ qf'l;wQp_;"i ~,l'tf ltF,.~" q6J ~.the . 
propositional v~~ ~~:~··,W4!'._ bJ,~~Jffp. f,1'4:1.~• ~ ~-Pr.;at.t 
C2Sl, Pr~ CS3l •. ~aret UOl, DU,, ~anUt, tA Cf.'J., .......... -4 P•rsoft. ttl .. lfl4 ..,-e. 

The idea of const.:uatng first-order-like losics for ~ about procrams Is 
not new. A log~ q~·~•.tn.~ to,.Q1",~tr'H~~~,~~.~-~eflf\ed. 
by Salwtcki ~9.l foJ~wtng. •k of ~ ~~~ JW~ ~,,l~tJon ·""" [){., 
Salw.icki's pi:lp1;1alpaptr,--~ ~c~J.at~.··~~14ty. of','!•~w, ... r~ked 
in extensive study branching off in various cU~~;~,~'."'p.fpe~ ~,14trlr.owsb 
C41l, Kreczmar C33l, Banachowskl [6] and RasloWa CSS:J. A suney Of their work can be 
found in C7l. lntert$ti,.Jy, •·4ef,~~ o( ~,..,_ .~.,Jr.,ao a~t~..of 
Schwarz [60] and ts credUl!d,,t..,.: tc»,lcr~·i·~~ ~ •. ~?Y:•s .~ pufst¥d _,, 
further there. AIJp,,., very-.lar lock .. ~ ~~.f~.,Ute;~w.~)~ ~~ 
Constable, ~ reported on ill CUl ~ qJIJll••tl .. ~ .... '" ~~~tps hqldlng 
between DL. algor.lthmlc logic, •nd CottJtab ... s JDpC .,,.ar. in ~l · · · . 

' ~ • " ; . . •. •, ' -' • , . . ~ l 

A large am<>Uot of r-:la~ work., w.Wdi ~ ... "fff ~le help in developlnJ 
the material presented, has been published over the yearL Some notable examples are 
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Manna's work in (371 and £311, on the fotmaltzatton of Fktyd'r method and related 
concepts, Cook's C12l relative·~ reiultfer·n.re'• axtam system, the work of 
de Bakker et at C31, Ul and .tsl and ttfat or·~ ,....,hrl't26lon recuntvtfprogrmnl, 
the comp~s resutq or 'HaJel-, .,,.. •'Jt.ttttn .... ~ (1'l'fCJr ·recursive 
programs, and Dtjkstra's [13] ·logk:' or .... corteCIMIL 

0 .2 Synopsis. 

This thesis consists of seven chapters whldl '8ft ortarttled into. two parts. At the 
end of t~ts section we show tanw j'lautbte "1t«toMat'4et1 a• « tt WhiCh 'can be read 
inde~defttfy. 

Part I is concerned With ·logia whtdt ,... 6a8t flNllM'tl f>~ upon their 
input-output behavior. HeN .pt'Olrama (~ones in the general case) are 
viewed as #Jffla:r, Wiomm) on··-., wtdl"-~11ik'l':ptllr 1.r· .. 1s mated 
via a Procram • ttta~·4fttw fttlt,:•;~i~.e..,flt'N~. 'Twio·'prllftttive 
notions relevant ·tt» thts~ttmt d'~lln .tt t*1*ed*"e .. \Mt P ts lrae'tn .t1 
final stat-es ac~·rtom •'tfWlt"att·• M'l'f~ '*8w·1hfat; ·~that 
there exists M!h a 1ftna1 ,_.·Rt j.WMl:ft ·~·· ,,._ .. ,~ ... ,.,.SMtt tottt•· due In 
large to Pratt (S%l, ts to~ .a dl'libf1•~~"Mli 11 prtd'teate (~ 
with pr-tmttiv.es for elcprewng· dft!ll! MttOM, ad to~ ~wed '(tom iel'ipkets [3'] 

work on modal logic for defining the semantia of the .........., language. 

Chapter 1 pn>vtcles • deftnttton of POL; thre ,.,........, ~ton of dynamic 
logic, t.otettter with rt!StJlts ~-'(lt) lhe•ldMl;'if18'..Utty probiem; 
(b) the power Obtained bya1foWiftgp~~'••'tMtt·mvtfonn'lent, aftCI 
(c) the ptObtem of ~ly .X~tt. 

In Chapter 2, the first Of'ftr verstonof'~'"'8ltttV'er 1#flila.r (flowchart) 
programs, UL, Is rigorousfy deftffed usfftg:ttae·~·Of.ilflte.t:~1"$e, and 
uninterpreted symtds. 1t fS · 11town tht'.t many ....... .,. ... known· ·properties of 

programs, suth' as paruar correctness ·ana -.~r-·~ •• sutdticdy ·upressed 
as formulae of OL. · Sectton 2.3 ls ahWt!!d at ~-Wiiat f1e Cius df pragflims affo#ed In 
DL is in fact a parameter, and that-dtffermt daUes of pnrranws ctve rise to dtfferent 
variants of OL. 'Some open ~ ._iMlir1W .. ~ exprftitfe poWer of these 
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variations are stated. Section 2.4 contains raultJ which ~w that validity for DL and 
some simple sublanguagu ii extNmely hard .to dedde. 

In Chapter 3 we show how an intuitb~e •atY .in wh~ asriertions about procrams can 
be proved.is captured formlUy .. by allowAn&:the.reatOflfftl;tq:,"~~~ out in a · 
first-order lahguap in whk:h, ~ an.y odter dcanU.m.d ·~•, t~,,.~ral nu,rp~• 
and operation.$ ;(Jl1.it.em have tbejr standard inter_.-., :T~J$ done -~Y lntr~udnc 
the notion of ·an uitlt'llUtkal "n*'4'• .a.1l4 ~-.....,..that il;JSi~ to. give a . 
concise axiOIMtiiati® of DL. .. whicb Is ~.relld~ ~.;aQtJ ~un~.Mr• Vie do not 
require progralnf to be writt,en over~ese untver--. . .&Jut,••"'·-.~ uniY'1'Se can be 
extended to an arithmettQl. e>ru:t this k.~ of r-elfQlllftlQG '~ys.)n pr.in~tple, ~ 
carried out. We show, in Section 3.4, t~• ar~ .~'1··~·~ .. ClY ,r:el~ed 
to Cook's £121 notion of relative compteteneu, and. also discuss the approach of supplying 
DL with an--.mt'iflitaTy, bt.Jt,at.t ..... y ~, u~ . .. 

In Cha.p,Wr 4 we e1U•d the ~in.-ns atpcJ·Je,aU~·~,~.,.r 3 .to the· case in 
which theprc;igrams are allot¥tld.~liler1CWI#&, .. J._,Ji1'~~JRl,,~r"ct 
introduced- is simple enQUfh -.o ta.. ~.- .. ~.,~ ~j~t -...:.- .a'1<l 
recursioo emerges. . In •"*kaliar" U... ~-..~~t,b,J:.~Jd, a(~;tl;ae. ~ .. lUnJ .. , 
logic CfDL i~ far more naten• and ~ dtan. ~ ;~• ;~:~~ ~ ~Y,-4f'J. lite 
relevant literature. 

Part II ts concerned with the two operational notions of tUwrf'nf and ffllltng 
(i.e. enteri(lg an "~ftnile loop" an4.MaortinJ d.Ufo'"''~ (a~ o( a •) which are 
c~l'IKI o-.eurally .by f:~/nl.t4'l9n am, Thtst U..rC¥t,Y,.~· ~Wt.Yes the 
information present in the binar¥ r~on~~af f alt .1,'.~~IJsq ~ i,nfqr~~ ; 
regarciiq e.g. the preseqce- of div~ aQd -~ -..:c~. ~ ~, cJ~ln~ tl•.se qew. 
concepts and -'~a~eht, applr them lG t~ ~:qi .H~i~ p~~ ~ ,,C the 
total corr«tuu of a general ~DIM* ~· A• tt,,tl,SM .~ ~~· a 
program corresponda tq trav,raillg .4'$,~~.a.~-1ph~ tb,IR"~.foyr 
natural methods? duai to one another. We show that each of theM methods ctves rise to a 
different notion of total correctness, and hence to a dtfferwwt notion of the fMCllst 
reconditton which, if true befOl'f execution, param.. total correctness. A 41tailecl 
analysis ls carried out in Sections SJ and 5.S ..._. at showlnf whtch (if any) of our 

four notions iJ,the ene.deJq.W,~onnafJr,br~tli.J~~·t•t~. ~¥""1 widely 
adopted fQI'. 50meWhat m,_ious l'ftlDN. · .. · 
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Chapter 6 ts devoted to invetigating the mathematkat ptOf)erties af diverging and 
failing. In particular, it is sh9wn in Sedtolt 6J ew~···dWiltw MlthMI are 
expressible 
in DL, albeit by complicatett·tormutH wttkft haw·--.......,.., prapertlel.· In S«tion 
6.2 we augment DL to Dt. +bf ~·tt Wldw·•-- tr8 ~••·4i~rgtftfdtr«tly, and 
show that.tht• itlgmentanc,.. ines rwto a~· --~-·ft'atUl'al 
arithmetically ~- ."'..,.,I.., et1'1t _.tr.._..,, • be G8rltfuted with 
the axiomtttil«iOh olltlil*l'b' h'W.._tlWt'N!tltlf;il!W"Mt8L_....._ lftd•thett 
relying on the axiomatttattan fll DL. ht..._ U we ...., dtat dtere a• pretty·· 
pattern of dualities assoct•t«I 1Wtlt «M ~ ·af' ••--·axiOM systemS for DL 
and DL +. m Section 6.4 we Vttt ttte ._ ..... lli•t•• W tMI ...... te· abtatn a 
straightf'or"ttard allltomatti•• of • ,..._... ;_., ~·It. 

Chapter 7 is concerned With supplyiftl rest1lts ....... •to those of Chapter ' for 
the case of recursive proerama. Here special mahedt have to be developed in order to be 
able to compl«e.ly axtomaa.erot.•, IA'Cft!JLUA1liJ1lllil~ii•11ft1, .,..ltFadditiOfl 
we can onty·.-ttidfwat ~·--•'ht'Gflliil._.fM . .....,..tie..,.... diNil ... 
Corrsequentty7 a~ ..... .,.. tltllttot .... kr•---............ 
indicate tlite -~of,. ...,enhtlf'lilldY'tf flfi.l!itJll:;f·~.,lift'PIGpantl. 
Wecinn«suppty'n\Ore·•· ....... •-*'IL•-ki'~..._.. ':J'•Mtnt'• 
definition of plausible notionJ of di"'ltftl -' ,....._ wtQth do • depeftca' on 
computation tr~ aft<J which pnerattie te Olher ca- el ,,....,. toe.. · 

As far H ..-me the thesis ts ~ • .,._ ,..., Oh..,. f and 2 ( whlch 
are a prerequisite for any ""1er chapter)'t._,... _,,...,,_. umlernndtng of'the 

basics of dtnamk ~ He ca'""- -~t•'t-'t#lt~ .;,...II' am.I It 
grasping the matn deftntttods for ttie ,_... cea. S..•• ;1,l;J'Of' 1)2,S;4'. COftfiM the 
reader to dynamic .logic f no ex....,...) tMtt, • ....,_;0...-·a;!tamllm:·ot 
arithmeticat comptetettess for ttte ,.,_ _. ......_ ..... .._._,Jdl•ely. OM 1mlght 

also read l,'2~·J1S 1-6 thu1 lltpptnC ...., ... ~ .. ,Nill•••,..,..._ 

a.a Crecllts. 

The occasion of wtltlftf thts "thestl NI p19"ided • ..., ~ ( ~ excuse) 
for preparing a coherent and comprehensive deta,..-.•'Of the'·Mirk .._ reoMtly ( nlO$dJ 
by members of the Theory of Computauon. c,... of dae laor_.y of Computer Science at 

-----------·-·-·-- -----·--·--·---·- ----- -------------------
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MIT) conc-eming a new approach towards reasoning about programs, to which the general term· 

d'P'amtc logk .has been attached. This Oppoml1l~tyJ1~ been tak., a<fvantage of,. and 
consequently some of the material In the thesis ts.Rot due t0 the author. Any resuk 
which is not original with the author is stated with a reference to its originator. Also~ 

we do not supply proofs of resukl which are n~ ~'""• ~t.llf~ ~aUy ~t 
briefly as to the method involved. A consequenee ts. the fad tttAt.miny' results are·stated 
here for the first time and,~ of.now, no ad.a~~·~;pf tbeir proofs is 
~vailab~. W~ feel, howeveJ,", that t.._ ~Plcalttles.~"'· Jrrdel•·•,... ~lanced 
against;~he .vtr.tqes of the kind of pc,.entation ,.e:.11!..,.·i~' J:~i .. b. a qqick . 
reference:.~ tht notable p.aru of tbe ~·. •l••t.t.·n. or-1a.tdh the .,•tlK.H', most 
of ~hich ~re indu~td·in Cbwter1.l •nd 2.. 

. . . ' . 

The ideas uppn wh~b.the ~ialtiQn J( PDLJl ~~ .art d .. to. V .R. Pr-.u, and. 
were published, in somewhat different form, In CS2l ·The derbVtlqrl of POL tn Chapter 1 
ts due to MJ. Fischer and R•E. Ladner and was pubu..t a,. C16i The author's own 

contribl.ltl~ in that cJia.-r are~Jned;iO the.-~lort.~.tPQ~ Jn ~t911 l.1J 
and its il\Ye$til•ti4ln in. APPf'Kl.P A. The m_,.•tb.i Cl\~ .J.. .also stemmtnc frotJI tbe: 
ideas of Pratt.CS~, w~ .Sev~ ~er ~fk,Jnc~~·j,y·A.Jt,.,,ey~,,V~ll· P~a.tt.· 
and the author (with the exception of 5'qiQS> ~t~ ~- dJ.t'. ~~l\pi: ~~ little tQ do'. 
A preliminary version of the rigorous defintdoft or DL. ,,.....ted Mf'e· was published in 
C22J. 

Some of the ideas present in the definition of the computatton trees in Section 
S.2, in partJcular the concept of failing, were·~- bJ·~·a"'bqr:.JpiptlY _.,_ V.Jl. 

',.µ, .~·-; .~ .. ~ . ', .-, ., ',, ' '' .,. ... - .., _, • " t . ' ~ 

Pratt, and appeared In preliminary form ln C2Sl The mottvation fcw deYeloptng the 
material in that section '¥a5 iAflJ,teQCed ill ~by 4.t~~, .. ,itll ti •. n. .. ~$bp~. ill. AJ 
n«ed ~n the text, the "'*al tbeofMn IA Scctton f>J~ a .. ~.,n"'~ ~lt of Wlnkkn'P,e 
C1ll. Section 7.4 is based upon an ~ea of A.L. ~.. · 

I would like to take this opportunity to express my cratttude to the 
aforementioned individuals for allowing me· to Include their own work in this thesis. 
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PART I: Binary-ltelatle1n B...t· ~· 

POL isthe'•PAJfJOSlt.,..t.~erstlla·of'dfan*:.tlllk,·:Md wudetined by·MJ. Fischer 
and R.E. Ladner in a&] -Ct0l:ptay t fiolle nt'dlel~'drt ........ ....,., 'to the role 
the proposttional cakulus. plays. In the dlnleil ,..,...~.. Ttiey am-inlent, -We · 
have attempted tO abstract ~[Wotf•1cks«··,r•itDta1•*;purt'tagkitstructure 
underlying these formal. systema. We r.I ·• tflore··:li:dta ........ 'W~·~e ts ·a 
prerequisite to obtatmng •ICIGd·l'UP• -~·•1111t1•1 ,... more app.ltcable, 
systems, jl.tst .. as ctautcal'f'llPlilltlllltaflaltt¥·Ntt tltiHiik .. MWeiltittdlfC·~ · 
first ""C)fder pr~kate cataduL• · · 

We first define.an·efeatentary version ar·Pot.'f~!PDL) .._.·at captUring the 
structure 6r·rtte·tnteriat:e'tiiettu•n~~·•cfru1 ... ,rif1¥'••of thetmdl·flt 
programs tnVOtfld. -.,. • ._..._ .•. IJt;·e*5tt••¥M'.:-,wll·t18e·_,_1't!IUttl 
concertttng'1'DL and' ... ·iftot·••hlBonl\"Pbt~' wta 

1.1 Definitions. 

'LPDL··ts·bastclity a·mecfaf"tagte'wttt.•1:.0161Y:_.,. . ...,,_.medattty: 
Conseq'uentty, the semafttlts :we ,W11Wfdefot~1.,.:Wl•·~fMl\#' Medal 'kek 
extended to aftow many·modlfliii. · ·· ·' : · . 

Syntax: 

We have two sell of symt»ob, Af and AP, ~for CUOldtjormul41 and 41""* 
f.Wograms. w~ use p, q,... and a, b,- r-especttvely .CD d•••··•lllftts of these two Hts 

The •et of 'lffllf01nudforwvlu .of EPDL (£~) t• deftned incl1'Ctively as 
follows: 

( 1) AU· elements of AF are E'PDL..n;a, · 

·~--~-- ~---



13 

(2) For every a in AP and EPDL-wffs P,and Q, 
( PvQ), .,,, and <a>P are EPDL-"ris. ·. 

We abbr~viate .. ( .,pv~) to Pl\Q, .,pyQ tq P=><;i, (P:JQ)J:\(Q=>P) to P•Q, 
. · and .,<~>.,P to talP.· We ~ilf Oftm. omtt paienth~~ uSan, d.Ublfsf>aang w~,f'PP~~ 

to prevent ambiguities. The construct <a)P Is read •diamond-a P", and CalP "&Ox-a P". 

Semanttcs: 

The central notion in the semariticS Of E'PDL is that of a un1.wrs1 W, which is a 
nonempty .. set, ~ach element ot:.~~~ ~ ~.t~~.~, as ~,fff•~,Of ~11 ~~)~h~~~aln 
facts are true ~nd Others are not. li• \i5' s, !,.,.. to ~ ~ ·J'ht1.~ --~ ~ks 
will have to specify r~ each'tPDL.;,wfflJ'~ ·St&'_si•,~whethef;t>'1s.(~t Ins (s . . 
sattsftes Pl or. not fMK:e ·it IS. p1ausi61e to defltte ·-~~ of 'Stitt.• fOn:ftUla · u "the · · 
subset·ar W·conststtrig pred1iff or tffos;e·st'~ief'wMCi. 11ttifY··at. Fti~, when ' 
viewing programs as objects which _can "change the .. or the ,._kt", It Is. plausible' to 

define the meaning of a .,.,,.ram·~· •'&i.C,,'tll~ an ..,;:-~ ... t~ "pair hJ) 
in that relation i(( the program ·an qt,lelttcm itarted In ~i~ ,f~; ~~·"* lri : .. 
state t. Thus our programs are norUJltnmfWtlc; there cati/ftila.gi+fi.··1, be..,,. thal1 
one t such that ( s ,t) is in that matiCJ11. 

A structure S, then, is 'deftrled •• a trtpli!lY,I' ~m1·;;:1irtttre 
W is a nonempty set~ 
9': A f -+ 2fl·, and 
m: AP-+ {flxVI~ 

Thus,,.. and m provide the meanings for the b~(opnu~ ~t~aflls (Le. AF and AP). 

11' is extended inductively to the set of EPDL-wf'f• as •. ~~-
, 7 • ' • • •• ,,·, • 

,· - ' 

r(PvQ} = w(P} u w(Q) ={sf JEwfP) or h(Q)), 
w(.,p) = W-w(P) = {sl slw(P)}, 
w( <a>P) = {sl (Jt}( (s,t)~m(a) and tfw(P))}. 

· Denoting s~w(P)by sl=P ~ (s~t)f~.(a) f>t:J~,-~~-~frf~ ... ~ of 
conventional IOgfcal symbols in our dbqlss~.we JtlfY:~,_J•"~4'11, $: 

. ,, ··' . ·.··· -... ,,.-,,.·"· ., --;'·'- - . 



.ska>P iff lt<AI I\ jtp) 

reading: ·~u~-a Pu.~m W•.~.~·•,~.f!!'~·'!""''·vi~ ••.:· 
which satisfies P"'. OnemaytMil ftl'&fydtM,_.C~J~-. ... ~ .. to 
..<i~'-i1i)Wif lta" ' ,, . . ... . •;. . .. c. , . .'" . . ,. ' . 

. j 

sMaJP lff Vt(.nt => •P) 

re~ing: ~-a P is true*".- s iff '"'1' _.. ~",~""'·' via a satbftt,s ,., .. ~ . . - . . 

:. Ctv~ a ~ Sc(J/~•,ml,we l&Y that an ~~~~f'.• .s~ (~ !fite .. 
.. SP) if rt.r rierJ:sf~ w ~ #P. Y!,S. P ,1')1-.fj4{-,,;~ flP),, V ~,is_S;-v.ialtd . 

:=.~~:~tVJ=::tr~~=•~~ 
,• 

([alp I\ <a>tnuJ => ~·~· . 
<a)(p,-,.q) ? f<.>PAi~a>q)'. 
<!>(pv~J''• < <a>P v <~>. 

The first ex...- states.......,. dtat tr • ....._ ,.a IO p holds Ind tf furthermore 

you can Co somew~, t,._ ,..OIR;P, JiltlU •P·.~~~ 

At .this paHtt we refer die radel' ID A.,....._ A ·~~~. _,._ ~ interestinl 
rdClttonel ~ whkh ..,..,. .., ...... ,.... •• a.,,.,, ~.-..,......... 
c:ompaauon opetatof •wt die new __, ••••• ~· { ·) Mted"u' · 

-4t·#'f(l~s)'f •K(s,MeJf.··· . ., ' - . . ; ~ . 

We show therehoW to embed· [POl{ ... tfi·trwi'..,,A~ ....... lPDL In a Pure r.ladonaf 

format, and point tu some .--. ~-~ ~7~~' ,...,.1,,~ (If!: .~his ~t1..uon. 

1.l.2 PDL. 

. In thepi~aftf~'tlctt•.,.~ •. ~M.llf: .... :.· .. ll~en 
to 1>e the .set or r•pJst'.,;JsfiMu·eWil/lP. 1'wifWit1'il·aillll1ia.rr. 
"structured" Pf011'31M butt up tram ....-, ... .._,.•all, ,.. ........ 



.. 

lS 

Here too we have the two sets of symbols AF and AP, ,nd In addition we require 
that AP contain one special element, dendted by I, whtch mri-esponds to the emptJ;ptocr..-n. 

The set R .of r1gular f>rogr41'11 ~s defined lndUcttVety as foRows: 
( 1) AH elements of AP are In It, "• . . ' ·. 
(2) for all a and/Jin R, (a;/J), (au/J) and a* _,.e •n R. 

The set of w11ljormtd/ormulu·or POL ·(PDL-'Wfs) Is deft~ •inducttvety slrtUlarlJ 
to EPDL: 

( 1) All elements of AF are PDL-wffs, 
(2) For every a in Rand PDL-wffs P and- Q, 

fPvQ), ... p and <a>P ~re PDL1ffs. 

We abbreviate as in Section lJJ. 

· S1mantt.cs: 

Here too we have the notion of a strUtt&LFI $ =. ( W ,., ,ml~ . However, .we a.re now 
obliged to extend m to the class of programs R. Tff,. ~ ~·~ :rollow.= · 

m(I) = {J, 
m(a;/J) = m(a) • m(/J) = {(s,t)I (Ju)((s,u)Em(cd and (u,t)Em(/J))} 
m(au/J) = m(a) u m(/J) = {(s,t)I (s,t)frn(•) or (s,t)Em(/J)} 
m(a*) = (m(a))* = {(s,t~l (Jt~Hls0,s1,-,~1) . · . · 

· (s0=s and si=~ and (Vi>~)~(sj,sj+-1)Em(a)))} 

Here the double usages of u and* on both Jideti Of tlie f!Clualion repr~t oper•lon1 In the 
formal langt,1age we are ddining and ·operations on btnlry relatiOfts resJ,ecttvely; In the 
latter u is unton and * is reflexive and transitive-~ T.._. P"' programs are 
literally the r~lar expressions over the. alphalJ« A,r: ·with l,,,«;A, ayll, and •* meantnc 

·respectively "the ~mpty program", "do a foltOwed by d\ "do·etther a 0r /J the choice beinf 
nondeterministic", and "do f any (npnn,t1g~v1)-. number of t~~he chot,~ ~inf 
nondeterministic". Here ~~J Cl,P lit'nef" ~ Uke ~~ ""''"t':L •II.extended 
inductively. to the set of Pl)J..-w!ls -.

1 
in EPOL,. and . .,.. .c.W'~t '#:, validity and 

sattsfiabi1ity are the same too. The.following are naftlpta ot valid· PDL-wffs: 
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<aub>fpMt)' ::> ((<a>p I\ <a>q) v (<Jt)p I\ <&t)4)), 
[a*~*lp s ta*lp, . . 
(J:(.a;a)*lp. /\ ta;{a;M.*J,t) • (p A, • .,...~~(·-.}~~.). 

The last of tMw (due m~,~~·~.fht;M,ft •.. ~e(_,..,,,.. . .,-.-..c ~at 
p and ...,, bold allematt..e, ....., MMtl"ary a ... . . : 

<aub>fa*l<•;i•>>'~ I\ -I;~~ •. 
<aub>Ca*lca;t•»<tbfW-A.~). · 

1.a .... ....._ 

Ftr~ we- state some~ eDt1.l~t111 at* ct.itnltliirta· ancl IR'C"td• 
proofs of same: .............. cat& . . . .·' : ... ' . 

bwncl I.I·: 'f'w nery POL~~ and •.lflf', th ......... .,. •atiilt 

{a) Or;_. .. -.c~;' · . · ·· 
fbt ,~·•·ctaw""_,,· · 

. ·. ~ . ' 

Proof: We· prove (a)~ stt..;;iP tft' Vt(Jti}tt'~··fllll'r ttr~ 'lt(3af.Nlu' A 

u/ltl => tltPl. · ·· 11r· "'. t.unsalt A······· J'·=»:·: .... ·. :: ifr yt.;MM. ~'&_!:t"'it-PH' · ttr 
Yu(satt :::t'Yt(Wll :s·,..Pf'· 'Hr' 1'taftilt:i'·..WJ1'dt •f · ···· · · ; I: 

' ~' .•' . . - -~- .• 

------------·-~-··---- --------------
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L•mma 1.2: For every PDL-wff P and a{R, sH:a-_c]p lff fQf every n~O we have 

sl=Ca"lP, where a6 is tru.11 and •"+t is o ;an. 

Proof- sH:a*JP 'tff Yt(sa*t => tl-P) iff Yt((J~sl~n~(s•.r1." ._/\ 

.rn-lasn I\ sn=t) => tfsP) tff YnYt{w!'t :utaP) .,,,,_,for ew!IY':nl!O, .rKa"lP. · I 

L1mma J.J: For every oi{R and PDL-wffs P and Q the following are· valid: 

(a) Cal(PAQ),,•.(f•JP A~), 
(b) Cal(P=>Q) :::> (CalP => CalQ), 

.(c) <•>(PvQ) • (<a>P v <•>Q), 
(d) <a>(Pl\Q) :>·(<a>P A-<a>Q). 

Proof· We prove (a}. sl=Ca](Pl\Q} iff Vt(Mlf =>.,dr(RA-Qll .iff Yt(.s•t :> (ds'P I'\ 

rlsQ)) iff (Yt(sat ::> tl=P) I\ Yt(sat => tlsQ)) lff Jts.(CalP I\ CalQ). I 

Note that a trivial counter-example to the other dtrettion of bath (b) and (d) is the 
struc~~ i"ith ·two ~ .-.• t In which P ts. trut,'•lr. • $ .. Q ~ tn t, and In 
which we have both sas and sat. · 

Tli1or1m 1.4 (Fischer and Ladner Cl6l): The validity problem·for POL ls decidable. 
. .,~ - . 

This result is obtained by establishing a "finite model theorem" for POL, stating that a 

PDL-wff is satisfiable iff itts S._tsfi~ fQr PY" llf"""l'f:,~·· "bi~h the universe 
VI is finite and in fact bounded by an exponential lft the size of the wff. The foltowtng 
theorem essentially establishes an upper bound ort dill deciltOn methOd~ ·; 

Tla1ornn I., (Fischer and Ladner C16J): SattsflabftlWltl PDL·ean·be decided in 

nondeterministic time en ror" some constant c, where n Is ·the length of the formula tested. 

Pratt CS3l has recently developed ·a decision procedure for POL, based on the tableau 
method, which, in many naturally ,.arising CU...:t• more effldent th~ the one Implicit_ 

. in the proof of Theorem 1.S in Cl'l . · 

T laeorem I .6 ( F tscher and Ladner 061): There is ' QflSt&ftt c> 1 such that satlsftabntty In 
POL cannot be decided in deterministic tl~ '(!' lfitba. > . · . . . · 
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Thts lower bound i5 prove;~ 'lhowtlc how to...._.:~ or an alternattnc 
Turing machine with a PDL""*'1'. · · · · '·· · · . 

The followtng resutu"8e.......a With a.·var--·fll NJL1n·whkh ,,......._me 
a11owtild to t•t--·~W•••• M• ••9 llll,11111JrM1••011 • .._ .. ..,..._. 

. a posttt.e·anawer ad ._.ttllt 11-. · · 

·For ·~ lJUl!pJle vf the Rat or dwa ...... , we llt ·~ _.. far 1'DL Now, for 
any i~l define PDL1 Mdacll¥ely •••• 1J1n*4'8Lftilr·lilfllC tJ:tihe clen.Htion of 
the set of prugr8M R the c1ae1e . . . " . . . . 

m(Pf) : f(s,;s)f M(P)). 

Thus, fW --- b~.,,,-· ts·a ~ C ··~ ~·•Utlb. PDI,' 
·.-.~ ·~"N~-:'t:·:_ ··<· ·}·~·~ ·o . .J 

Lnm&4 1.1: For·...,~_.,,, f m Q,, ~ • ~ ii• .aM PDL_,-w« • 
. • .. . :) .. ' . • ' . . ' . ' . ., t. ' ·. . 

P7«f: StRfll«tB nrd Inn the_,......._ ti 
< _.f ;. ' 

TM fOllowtni.·•··-----~ ,.._.Ql!llllllS~~···~ lf~ . .-..,ll1flPfl ~J,DL 
Wjth teJtl: 

if p tift .1' ""' ' .· 
.. """'' p do,. . . 
. IF ·p..._ I .Q .... r1 
DOP-."l~OD 

.. ; ·~ 

~-----------------~~- --------~---
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(3) ForanypinAF, p?tsin.lt 

Thus, we allow only testing of propositional letters from AF. -~ this v.-1~ ~ f DL 
by PDLo.s- ; , -- ---- - - - - -

Tlaeorem 1.9 (Berman and Paterson [9]): There a,~t·~'t'P~:-~"!~,~ that t'-re ls-

no PDL0-wff Q, such that "(P•Q) (where P9Q ts to bi viewed as a'PDLo.s-wff). 

Tlieorem 1.10 (Berman [8]): For any u~o, there extstl a PDL1+~-wff P,·"such tfat tW8 ti 
no PDL1-wff Q such that ls(PaQ) (where'Pm(J ii 18.~ •tewed ~a POt.1+1-Mr). 

lnforina11y, these resulti mean that each "level of teltlftc" t11ppltes tncre....., more 
expressive power, or in other words, 

- PDLo < PDLo.s, and 

. (Vt~)(PDLi < PDL1+1>, 

Theorem 1.9 (and similarly 1JO) is proved by a subtle up~··-~~ 
of two families of structures S j and Sj for every· JaO. ancl the elhtbitlon of a 
PDLo.s -wff P which can "distinguish" between SJ Md Sj M 4~ iO..·-.;--:ahoW 
that corresponding to any PDLo-wff. Q there aills M llltepr J(,Q)>O such. that Q cannot 
dtsttngutsh IMftWeen·sJ(6)'ahi Sj<Q>; ,_ ,,. \;t ·~ ,., ,, ·-" · '. ·' •• 

Berman C81 has also showrtthat" Pf>Lo5.<Pm.1~·,, 
• - ' - < - • ' -~ ' ' <.: • ~ 

1.8 Axlomatlzatlon of PDL. 

A problem 1ett·e>ptft;n:·Ue'wu.tfiatot .. ~•...,.Wrttplete axhllll system fbr 
POL. Consider the f'~lng-biOm $fStem 'I: ' - ;r -

Axtoms: 
( 1) All t•ut~ of f'l'OpOSltibnal cablus,.' 
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'.' 

'• 

• c ., • ~ 

(9) p 

CalP 

> !.·;' 

.·'¥ 1C·'·' ", - ~ , ~ . · ·*. -~~ ._.{'{. 7
, dd\_: · .~··· 

Provabtttty,m x ,or •r ,ts:.,._. tn the·stwl•d ..,r' ;~;flf!''~ ~,._ ;t;a ,f) Jf 

there .. extsts,• Nt11te1-.-of. PDL-wffladt<.:'dlat·,•:;a• l1tBl'liaeef one of the 
axtomsor.ts ....... ffoMpN"¥._. ....,_.,,_. ......... JJffMAll•••~ f.r ...... :" 
of this .syttem· had 1llllln 0111tj111waU~y UI t....-/j..._, •• , • ..,1111,:-. t•I 
canfirmatai :of ddl fact_........,, ••111a1~m11J , • ._..,, .. ,Pratt Wl, 
Sep1tfergC6l:J..c:tGabbay· .. tH3. . ,f! } .. "'•' ••<:; •'. 

As ·an ·example,Of •·f»Wf tn X', ....... ,1111••1n tof-*-t&e the remer. -
the notion1·or·PDL, ._.._. .• .,_,,__. u11JlfJt,..'#IWt.;1111¥p•lM.t-"' 
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[(<a>trzu?;a)*lp ::> Ca*lp .. 

Ab.breviating ( <a>trzu?;a) to tJ and C6*lp to Q, we state the main points in the proof 
omitting .-er,rence to (1) and (8). The radel' fl urpd llD mnTtnce hlmlelf' that nch step 
can be rigorously justified in X'. 

1. Q :> (Q V folSI) t 
2. CalQ => Cal( Q v /-1s1) , 
3. . .C~a/.sc => C~]( Q v fa.ls•) , 
4. .. (!a'.Vals• v CalQ} :> Cal(/cl11 v Q) 
5. ( <a>trzu.? CalQ}c ~. C.lQ,. 

. 6. C<a>tru,?XalQ :>. CalQ,. 
7. c•lQ .=>.CalQ, . 
8. Q => CtJlQ, 
9. Q => Ca]Q, 
10. Ca*l( Q => WQ), 
11. Q :> Ca*JQ, 
12. Q :> p, 
13. Ca*JQ :> Ca*lp, 
14. Q => Ca*lp. 

line 1~ (9),, J~>, 
~.~.-~2. 
-~Yr; 

.11"4 s. ( 1.0)', 

U), ""·'~. (6), . . .. .. . 

lines 1,8, 

.· (91 ..... '· 
(11. -'eJO.. 

. (6),.. -_ -

JtneJ~. {9) • (2). 
lines 11,11 

- ------- ----------------------------------
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In this that*~ we cWiM. ~· nr• orde' lutt( Mtect·· -- kleu from Pratt·G2l 
further developed. tn [221 Tmt '!ltc~ ftf'lt *1ter 4'•illlle ,._, wA .,.,. dtort, ls . 

designed to reason about "real" niaUtar PtGat:alns; i~ dw ..-tllnt di ftdrdttemttntst'tc 
flowcharts or recursion•free loop pract-.;"·1'1.e ..._"id:-tfi ~ams are··f'ft~is 
in that they employ tit• con~~· of c....., w·~ ~~by . ·. 
assiptng to thetn and t1slt1IJ the 'f~" ~-1-. P-..• 'Iii Of. ... no~ '-C* 
c:ombinaUons of at•tc PFGCflllt s~ ~ P'Gll•...fnl-,...... .,..,... leihglr' 
propositiona1. 

After defining DL we elabora~ an me kinds of facu expnuibk" In 1~. S«tion . 
2.3 contains some extemi.ont or d;testt~. \IJIOll the ctau If precrams ·tlo.ai·a..t· DL, 
viewing aH the resulting Jacka .s v&JiatieM·il DL Seat-. M .. .,.. results · " 
concerning tM. question of . ..w:l\ant tt·1&r.a1-...t1te Wllktky··of certaii·~ ef 
~~~-~ . 

8.1 Definitions. 

We are given a set of /umttofl ·s'111fbols and a set of ;rldlal• s«Jl'fNls, each symbol 
with a fixed nonnegative aru,. We assume the mdusiOlt of t~ sptaal Wnary predkate 
symbol "=" ( eq.uabty) in the latter set. We dlittle precttate ,,...... IJy p, 4 7- and 
k-ary function lymbob for k>O by f, g,.. lerwy functiaft JYntlJlll ... deftoted by 
z,x,y,_ and are called N""'111s. A tm11 is· w ft .. v, ......... tPlllld foftDwed by a 
k -tuple of terms~ where we retnct ~to ....... N11111inJ .,,_ . .....,_ this 
fQtmation rule. finitely many. time& anty. FOJ a varialltl JC' we........_·"'(} to x, thus 
f( g( x) ,y) is a term provided f atKI 1 are ......., llllt _,, n• 1 dtffly. An "'""* /onnwl.a 
is a k-ary predicate symbol follcnred t., a It ..... fl·....._ 
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We define by siJ'nultaneous induction the set. ~C of first"1Jl'der r.-.•ar progrtmS and 
the set of. DL-wffs.: 

( 1) r or any variable x and term e, x+-e is in RC, 

(2.) for any~rUl\~~r'!Jsce.~.~tD~-~J>~ .. flis in. RG, 
(l) for-any •~d I ti) RG, .~~~,J.., .-~,.~~ tn:l,Q~ 
(0 . Any atomic formP;t.i~ !l-~-wtt, '·· 
(S) for any DL-wffi 'r. ~ Q,, .:·~;;a ~;Y,~~ x, . 

.. p, (PvQ), JxP and <a>P are DL-wffs. 

A DL-wff W;b}ch contains no pccur~ ~of a p~ !f, RC. ts~~·~ l>.''!l'fR!'lrf- or simply 
aflrst ordn formulL Procr.ams of~ fQl'lft mil~ illJlJ a~ UJ are cala.i . 
respectt.vely htmple) •sstp1MllU and. (sil(nPlet .t'uls!· -~- ~-~~ ;~•'and Cati for 
abbreviations as in the previous chapter, and in afldtdon abbrfftate .,3x.:.P to VxP. 

' ' 

( Remar~: A1 will be seen ~n Sect~ 2.3~·. 01, ~~"1'- .c~, f>(. , .. j~ms al~. in · 
DL-wffs c;an b,e.·. view~ as~. J .P•~·~ ~ ~1JO,e (ise,.~df!f,~t 
variations. Even Within the .particular elm ot ..... -~.the ief Of teijl'cm • 
allowed to vary; it can be the set of quantifier-free- tests or, inductively, t~ let of .· · . 

:::t:~~ked !:-;:rrs.. ~,r~~~t~'J~!'·~~r!!f d!;l~ ~ 
, t . ·~· ... ,c;Ql!nf>~ ; -~Jqp:~~~·;;-;:<~ .y;;.<>'•<'i'' ."·.·rJ; · · .· 

associate any parU~ular dUJ 9( prccr~ ,.,~ tke ~ ~ ~~- lq(f'l 

S1ma11tics: 

. . 
The semantics of DL ls based on the concept of a state. The difference however, 

ls that we are now concerned. y.:ttte. ~~ ~4J>~~~ ~ ~me ~.omk .f~lae. 

A statt 3 consists of a non empty domain D a~d a mappinc from tl:te sets of tunctton 
and predicate symbols to the sets of fundions and p,.clk,ttes c.,er Q, such that to a k-ary 

,, ~ ;< __ .(,, •• ·;;. ·~ ,'\ ••• - ' ;. 7~ . 

function symbol f (resp. predicate symbol p) there corffsPohls a total k-ary function . 

(resp. precUca~) .over I) den~ed bY: f 3Jr. ea>; .. ,htn~~~· .JP a. Y_arl·b~ ~.-ere 
correspertds an element o( thedamal1t~ toa,f)J11!1Y,~S~I ~PfOP4'11tton•I 
letter) a·truU. ¥.~1'1-e (true.or~).. 'f:he stMll~91~~,~y1er Dis, th.at .... 
corresponding to th~ equality,.,y,...(=) ... Ya .. 1fP11•111#~"'9r':"' ~ ... ~of J, ~ D.1· 
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Observe that the way states are defined no distlt~ It made between what are 
normally called variables and censtants. These, however, will~ defined betow tor simple 
universes. 

We denote by r the <:olhK:tton of an posalble states attd can tt·the grand 

univtrse. Our semanitcs wi~assllft ~a Pfttl•• • ~\Mat,'1&.a.n'm(•) D'RI' r, and 
to a formula Pa..,_ of r ~ ef,....._._ ..... '*'t'JP~ lfrthe sequel 
however, w~ wiU be iltk!tntei 1tt'.,emt••« P"a1.i..., llM'ftneS: · 

A pstudo-untWTS4 u is a set of states aft or which h••e a cornmoJJ domain D .. A 
function symbot f (resp. predtcaM symbol p)' ii callll ...,,.,,,._, llt. tl tf for every 
state J~U amt f« every fWKtlan r (.._, predttaWP) ifttU .-. eJtists ~U suCh that 1 
and 3 differ at ~tin tt.ftkleoff(resp. p)".,.ta#rat'(Nlf!t. P). 

Notation: for any function C: A -+ B, arbitrary element e, and aEA, we define Ce /alC to 
be the function with domain A and rante foOt} lf'Hlt'·llM sawle;~ at potht'S in A-fa) ats 
C, and such that Gfa~ .,....,._. ....... \ttiiiliiiltfae>lrNW._.rlHeted r ts . 
s1mp1y S:r.rl n1. . . 

A symb9t ts called ftx1tl i?t U tr· its v• is tfie ..,. tn II states of U. Thus, 
"=;'ts fixed in any tiniver~ A umwru'li a --~'iffMltdt nery pn!dk:ate 
symbol ts fixed and in w'htdt every fllft(ftori Wtftitef fl· .... MWdr tmfnMPteted. A 
universe ts: called st•fM if the only Ufttnterpfetlelt SJH• 11l a It an a .desttnatecl set of 
variables;, In a, simple wri¥ene the fixed vartDllS wll •n8'ila• be called constants 
following.· ordina~ usage. 

The value of a term e = f(el,_,ek) in• ptate J ti"c:Wl'klat lftdUdt\fely folfowmg 
Tarski (641, by 

We now define by simultaneous lndbctton tht btnary'retatton over r correspoitding t0 a 
program« OfRC, and thoR states 1'1tt-P'Yltddt-'lllW1•;DLc..1'ff ~~ Ttwretattoft wttt be 
denoted by mfcrl and''fot tttt fmtt':we:,wf'tttt'JfilP~ ·{,t;,l*'Witlfr1mt~'of m(;•)·can be 
thou'ght Of as represemtng·tfR fact tfiat'~ .... ~----~~(or ,,,,,., of 
er starting in state 3 and ter~ating in $. Thus, Jli(dp wHI be seen to be making an 
assertion abou~ all terminating computations of a stantnf tn It* j ; namely the 
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auertion that the. final Stal• of t"'-: complJ\~I ~fy p. St,mtlar1y, ~la<a>P 
asserts the 1xl~t1nc:1 of a terminating compUta~;or . .I'~ In itate- J and ending tn 
a state satisfying P. '' · ' · · ' · · -- · · · 

( 1') for any variable x and term e, 
·._ m( x..-e) = {(J .in lri.e1/ x'lJl, 

(2') for any: proe. .. -frte DL".'wffP, 
m( P?) = {( J ,3) I Jl=P}, 

( 3') For any a and ' in RC, 
m(a;a> = m(a) • 111<a>, 
m(~) = m(a) u m(I), 
m(•*) = {m(a))*, . .• _ 

(see S«tton 1.1 far further spedftcatton) 

(4i) F~r ~ at°""tc ra,f!u~ p(el,,~,~~>~.· . . _, . .. 
it:p(elr-, .. >, 'hene':~,. e.s:<ei_,,-,~i>,,~-trUe~ 

(S') for any DL•wffs P and Q, • t~ RC.~. ~llt'ia6te;ie, · 
tts ... p tff . tt -~' n'l! t~ ~~ .ch_Jt jtsP, 
Jt=(PvQ) tff either Jt:P or 'n-Q, - ' 

. JtslxP., iff thereexlSU an etemem·'d-~~j sud\;that Cdfx1.1 fl P1 
Jfl<a>P iff thete et• i. state flUctdW (JJ)frri(e) and lfiP. 

. ~ , ' ,'. ,· . '-'t . . . . . ~ , . 

Note that the only kirJds of feo1'.l\I• whase trutl, ~--"~ j depends 'posalbly upon states 
other than ' are those containing SubformuaH or·~ rOrft:t 3x'P. 111cf <•>l' ~ ' . :.: \"-· . '; ' 

In most of this thesis we will primarily be interested in lnv~tgatlng the truth 
of DL-wffs in a given simple universe U. However, one can Mie &(.. for ··1orne .1EU and some 
wignment x~ the unique state I such that (;.1 ~>~..,<x+e), Leo ~ ~ate"te.1 / xlJ, 

might not be in U at al~. :We ~tlaw thil p~ ~·.~; fr0m~~ on, the 
convention that in the context of a given universe ttie onfj Pf1J1tams we consider are 

thos,e in wh!th the variable$ ~ to (e.f- x _In '.'~),and .the ~tlfied variables 
· (e.g. x in 3 ~ P) are unlntef.Pr~: Thus, for 1flJ' aftitt'cW jty t)t:..itf f''tfft 'tnldi or J 
in p can be seen to depend ~yon btes tl'I u. . . ·_. ;,; ' ... , 

.·¥, 
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We use •bbrevlattons •in Chapter 1, and ttws wte _..Jal for (3,f)Em(a), and 
for Cal, which stands for -.<•>"', we have agaift · · · 

.fli=CcJP iff V #( 3-3 => ~p). 

Given a un-iverse U we say that a DL-wff.P i~·u~ (llu ·P) if for every JEU 

we have Jl=P. We say Pit 1Mllf4 (tJP) if it u u ..... '-'*"lY Vlli¥trH U .•n whi~h, in 
line with the above convention, the ustgMd and qu~ Y¥ .. Ja o( ft .-e Uninterpreted~ 

The following are examples of valid DL-wffs: 

C(xi:z" y:u)?;(x+-f(x) u y+-f(y))1(x::z v v:;u), 
x=y :> [(x+-f(f(x)))*l<(yfof(y))*>py, .. 
x=y :> [(x•f(x))*l(p(x) =t (x•y v ~yf-f(y};(~+i(y))*>p(y))). 

. . . 

The first asserts that at most one ·of the componenta 'ft tJ is ,x....... The secml~ states 
that the process of r:epea.tecttv ~ a f~,--•d ·~ ·...,- Is a ~1 case 
of that of repeated'¥ applying' ii The tbirc:I ~,.._,_.. prociss Of achJeving a 

property of x by repeatedly .,tying f tlfl .,_ *" ... • y • . . '.· 
Denote by H the simple universe of />JR( .•ill,_.;. j.e. ;t~ domiliR D is the set 

of natural nurwbers and +, · and 0 ~ f. .. 411;1 .Wlh .. ~ .... flf4 tftterpr~t•s. We 
· ~ , · . · ,'A: ·'. .~..f.: ~ ,JI; , ' . f _ ·, : 1 

freely. use st~ .,~ •re.r~ ltldp • ~,. M' ,et(:. ( JffMtllever, in the 
. context of the natwaf ~s, - ..... ,..... ·-, a ii to ·fie .-5'00d to stan.d for 
the $9 r;alkd "menus" qperat~ Le. x~y is * •-... .~••,•· x ancl y .If x:21:y, an.d 0 
otherwise. Also, we abbrevia •=x te a;. _. "*• jofltfltl . · 
The following ar~ H -valid OL-.wffa.: · . ·' , ·. 

<( x+-x-U*>xsO, 
y>O v <y=O?>trru 

[( x:x' /\ FY./\ x"y>t))'fl<(,cflly?i 
(K>y?;x~x~y 'u x<v?;~yO".x·)J*;x~yhx=ff'.d(x' ,y'). 

The .. last exa.mple auvts that t.he p~ogram .~the~, under the a$SU"1Ption that 
its two inputs are positive in~rs, termtnaw4.,.. c:,n.,Mtteftfle p.t' of these Inputs. 
This program can be written in more popular terms u:c . · · · 
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wlatlt x;ill!y do. 

. ind. 

if x>y tlatn x~x-y 
1111 y~y-x 

We adopt the standard Wtnltton of.,,;, .. irftiu;rl:t.i variable l In .• first 
order formula Q to be at.~rttnteor••ilWiii81tt1aftJ~:CJtth. form lxf. 
Any oth~r.~r~11rc·•tM& huad. A~,l*'*:N~•,.._b.,.l~'.'.,m e to . · . 

• . . !• ;·'..;.~·re. . . ·- .\ ,! • ,· • c,~'.~; ·~.:~ - - ~g~~ : r· ':.' f}r?~)'4"":») ". ~··/ - ~ . 

be the formula which ls obtatltedtrom'Q by .... ...., .... __ ~ ... ~ variables of Q 

which app~r '" ,,•n<1-. ~:i~:tl f~,~·~ .~ x ~;'7:'' 
. . ,, :. . .. ' ' .~: . : ~ - ' . :- - -~~' . ~; :· ·,_, . . . 

L1mmci 2.1: For every assignment x~, and flnt__., fonnula Q, 
. · ............ Ja<r:..~·. 0:>411 . 

a.a Desorlptlve Power. 

?ne of the vtrtuesof~~~~·as,DL., t~·':fej~~.:t~~!~·' ~eral . 
framework. In which it is pmalble to Qpretl a wMle v.- of: ~ Mel.,......, for 
each of which one would otJMrwise have • m.- •;,......._..... The .ad•lfttaP& of 

this uni,formtty are by no means only ~; •IR•ltal'Y ,_.. ~:fftt'ft!'.\" ~~.: 
· more obscure and f\arder co COltle by when thm C1DRC1J1t1 are cit••~ unaei teparate CIOYel'· 

. This .~fgument ts implttjtJn ~~,.~I~ M 'O~c·.~tat_ '~[~, 
·. . The exa.rnples In ~ ;t. i~strate ~ ~tft91'~~1F i~ .~~ •• t~ ·. 

first set. ~r.~aUd on.es·bei_,,t.,rt.e .. -.t."ir~~QJ~~~. ~ rcw ~ 
stemmin trorr. . · es of tfte · · · fk .Ji'•i~- · ·"'" · ' · 'C&ii. that or· · 
arithmet~c..lnd~:?'Yt::4~~ ·int~-~~ p.£;~~~ !~.~~11y 
have in mind a parttcular interpretation for the 11••• .,...,.. lft the'~ · · .· 

Consequ~t1y, we wtU be fflOI" ,~~-· ... ~~;l:P'l*vc~ ,, ~--'· . ,~~'1~~~ f~ 
.. domain . . ent" reason "~ .• f0r .. . .. "'&:.:.. u!i"'f." .,.,,.. romNlae.tO.. some 

-~- .. tng, e,f. '"'P~.,..~ ... .__,, .... " ., .. ,1,._-,. .. ,., .. ,, .. . -.: · ··· universe U. · · · .. ' ·· · · · · · -· · · · , · · 
" 

A lthougb we wish to stress the 
0

fact that ~ c.n ·Write.-~ DL-wffs (e.g. 
alternations of boxes and diamonds of arbitrary ....... • ........ penninat}, we point 
to some particular elementary properties of propw ~ lhoW Mw to express thlm, wtth 
relatively simple formulae, tn DL given a univ.,. U. 



- Parttal CtlTT«t714SS.of. Wl'f p amt Q (Hoanf1C2'1 ~)Q);",. lip(P::>talQ), 

- Existence of a Q-tn•utt11g fMIA of a: "u<->Q.," 

- · Extstence of ~- Q~t,e,r"'.,." p~ QI'• uncles' dte . .-.. ~tP: . . · lsu( P=><Cl)Q), 

'Th4&J,•fros•;il•,~tfae~~~-~~:-·•:~ 1 · .. 

:::~~ey=s.5•.!f.~ .. ~;~~. ~~211 .· . ...,..,. '. . ~ , ~ .. :-~,.·1 ._, , . . • 

for any at RC, define ocsrC•> a ·a ftmte Yedlar ~ahJ, m 'llDme fixed staftdard 
. order, of an nrtab:fft appeattnf t~» tlllr ~ of the a111pw """°' +- in a. 

r ,:. ; ,.~~ 7,· :, , .. '.' -~-}~~~""' lf1.~'"-~ ~ff9.S\' :·,.:~.'' :· 

- EfUUJal~nt:6 of • and fl:• • fl'u ·vrf~ • ·<I)~), where 

Z=Nr(•)=var(/l), and' Z' b a 9ec1Dr t/ltie .... 1"1Jdt u Z whose QllltfMJllentl are 
dtsttnct vartabtes net 1tt· .,.(•). 

We are a&Out to ~ ·~ ~ ... " .. ,~ RM)IS," and we would'Uke to lJe 
able tG compare.thetr expreljtft~. · rf'1t1J·ttte1ftdi'dtid\, flat t0r"tw0·1Utta"toSta . 
A and B, the -wffS of A an a ..,._ Git ttae or I, w • d•11tt by A < I the ~ton ' 
that there extsu a B~Wff P IUdt 1Mt tor ne A"'1fff 0~111· •car._ P9Q &s a valN 1-wff. 

_, ·, ~ ..• ' ' ' • . • ...< 1"~ •. ;,, '_ ~ • • :t ~ < ' • '; 
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2.3.1 Array Assignment. 

An array-assignment ts a basic program which can change the value or a functton 
symbol at a specific point. Tllis is d(Jlle by wrttJnt f( d toe where f, i and ~ .. 11,re 
respectively, a k-ary function symbol, a k-tuple of variables, aft(l .a,term. We restrict 
ourselves for simplicity to the case where k=l. 

To obtain this new language, which we call arra~DL, the following 
clauses art: added· to the definitions of the syntax and 5tf\W1tics or DL respectively: 

(la) for any ~nary function symbol f, variab.le x and term e, 
f( x)4-e is in RC, . 

(la') for any unary functipe·uy~J, v•r:i;tb~ ~ ·ltf14.term e, 

m(f<x>.-e> =HJ.er /flJll r=t~,1~1lf3l·. 

Note that although a program with array a$Slgnments ~· change the value of f at 
unboundedly many points (\e,g •. ~s mil~ be the c~ wt~h.·~~~91"~ (x+:J(x} ;f(x) ... y}* }, 
it cannot in general change the "entire" value q(fas iA a.Sf""'". f¥dtr auign~t or the · 
form f4-g, which, altbqugb constituting .anQtf)er platU~I*: ,ari-1Js "~ alloW«t ~"'-
We extend our convention of Section 2.i° to ~equire that i~ the.~1'xt ~fa; li~en. universe 
U we allow array assignments of the form f(x)t-e only if f is uninterpretect In U. . 

Optn Problem: Is DL < array-DL? 

Answering this question in the affirmative would involve exhi~iting an 
array-DL-wff P, and showing that for rio OL-wff Q do we have t:(PeQ). Certainly, the 
obvious fact that certain programs can be written easily and succinctly :~if)g ,s:r~y 
assignments wjll not be affected by 3R'aJ15Wtr to tbt$ quest~; lt Q str~tly a qUestion 
about the power of expression of a formal logtcfor ~C,~t that! programs. 

2.3.2 Random Assignment. · 

A r~ndom-assignment is a· basic program which In a state j can change the value of 

a variable x nondeter.minlstically to any element of the domain 0 I" Strictly .speaking 
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however, this type of auipllmat is approprta&e (and of •J .._..,,.-. x ts 

uninterpreted,*" whkh caw.neryelemllll al D,i !-'.lttd"' a~·~" va~ of x. 

TM_ foffoW!~ ctaua .e de idd4d to die 1jp' ••• ..... ttt,flw dlftnttleft 
or ot. ro. •am ,,,.....,.nt.: · ·· ·. · . · ·. ' '. · · . 

(lli) r .. ..., . ..,....,.., .Cx+tJ. 1t1:1n•;•t1r1li:t3}. 

Thus, x+-? when started itt J, can hnmtttltt ht 11ay'•t1t'\•11dlft'tMJ,'Whe •altle of x hu 
been chanpcl. . .: · . . · 

L#mma 2.2: For any UIUY«te U, unaatetpi .. ,-~·· ,X and ~-p~ 1te have 
trtl•P • <il'2?Wt ~-' ...... i't~). .. · ' 

TbJs obvious .fact, wh6 Oil ttw .W ... ~ etMt~i•n nrdf ~fi'CM't random-DL 
Completely ......... - ttw ... lani ...... ~,.. ·~=·f~ .......... 
ustcri~1i;~l--Mlt; x~?_(;ii'Ml't:-~:a#w;i~~ ~--'~*- · 
iltmtrate -fi!j·'·tlie"'8.6.t....._..1>.,.··iif,'1iti'•:.,.Wj~~' w • .. , 
exprelSt-ie·poW.r·~-....... ,.. · '·' <·~ · 1 1 • : ,, ___ · ,,,. · 

0 p.n Probltm: Is lilL < randcwn-OL 1 
'' ,. 

We do have the foUowiftl. result, which Nfen ID DL With lltA array ad 
random_... us~'t, · "'' · · . '·" · ,,; :i•,· · .,,,,,. ··· . 

. _,_ ... ; 

Tlt~OU1'1 2.J fr.teYer t-44»: 
···• (f} array-f>t<·r...._.·~ 

':f2J ~(~.-.,.,1..lJL 

This result is proved by slt•s Ing that dtere ii no ,_,,.,.. ill DL. wtcf?· atraY::-Uliptnent f1I' 

random-assignment {bat llllt both) wfttdl ta~f6MAL ~'·6J~; 
where we define 

'r· 

er. X+'1;(ta4"fjftx).-U;P-ftJt}J-', ..... 
/J: x .... 1;( x4-f( x))*;(x::y)'r;(xfof(x))*;(:1:=d? 
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P is a formula oft.his doubly augmented DL, which is true in a state 3 iff the domain of 3 
is finltt. « makes possible assigning f(z), f{f( z)) et~ to ~ ·r~;.d~ e~u of' the 
do~atn, and fJ makes sure that y Is on the "f-cycle" starting from z. Finiteness, then, · 
is definable in DL with both array- and, ran~~-asstpvnent. It can be $hown ~ver, and 
this is the content of the remainder of the prooC Or tf!eor..em 2,:31" that finltene$1 Is not 
definable in either array-DL or In random-DL 

2.3.3 Blob Test. 

Rich-test-DL is the first.-order version of PDL00 defined tn Sectk>n 1.2. It 
allows tests in programs to tnvotv.: pther pfCl'am$., (•f!tc:h t~~~~ m.l.Jht Involve ~h 
tests etc.). Thus a program• ,~ighi .P.ame, a,UJng .~lnl lt~t,."~•r progr-"' I h.ak 
on input x if Jtarted riJht nowr', ~Rd COJtUnU~,,i~- Jide. "'tcts tff the -'1SWer was 
"yes". 

· The definition of rtch-test-DL is Identical to that of DL except· that clause (2) 
in tha~ d~finitlon ts chanced to read: 

(2) For any rtch-test-DL-wff P, J>.? bin RC. 

So that, for example, a desired effect could be guaranteed "In advance" as in the program 
er: ( (C~lP)?;O)*, for which P::>C.ClllP ts v.aUd. H-. IJf not "'ecu~ unless P is 

' • -C • • -· '· -,.. 

guaranteed to hold.upon comp~i9f1 •. 

Open Problem: Is DL < rich-test-DL? 

2.3.4 Determlnlstlo Dynamic Loglo <DDL>. 

DOL is the deterministic version of DL; t.e. ~he <Jilly ~arps al,IP,wed inside 
boxes and diamonds are deterministic ones. Vie do thts by .defktin'°. the. iet or DDL-wffs to 

· be simply the set of DL-wf(s In wht.ch u and * .. ~ppe~ only.hi, :~~UJ>f the form · 
(P?;a: u (~P)?;fJ) and ((P?;a)*;(~P)?),: aft4:W.~~~~t~to (ifJ> tlam er 
tlst fl) and ( wlu.lt P do a) respectively. We· caU this restrlcteCI class or programs 
DRC, and clearly they c()rrespond to th,e well kftOWl'I J1,/f#1~ The semantics of DDL 
is the same as that of DL. 
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Lemma 2.4:. For ~.Y untverse·tJ, state JfU wl,psopaat,·~. 'tfMtre bat most one ~ate 
$EU such: that 1«$~ . . !':·. . . 

Corollary 2~;: The foUowtnc •e valid fqr....., aEDAC ..trl'J)L .... P and' Q: 
(a) <•>P 'ii ((d'A ~) ., .· .. ,,•:· .. ,·:· .. :. . 

t. . ... . . . . • 

( b) ' <•>< p l\Q) • ( <e>P f\ <eJO) ~ ' . . . 

Proof: We prove (a). .ft=<a>P iff 'JI( J.I f\ 1t'1') tit (by' the.~) ~f,t~-S /\ 
vs·< 3•1' => tw>» tn ll<J-4,... ~ ".,,,_,, lf'PJ ·rw~.iH<a)m.." 
C•lP). I 

~·the it.uestioft of whethef noni11e11•111n1·1ual-lii ..,.. .,(,.._m· powel' is ·rne.t 
~esting, anct lllilD llnMI• tu*t<wtt• ~.aiaaili1l1F ..... ·t"11.Riny--
tmi1ht m't0 rhe ,,.·o,eufto -.Wlaf Nsiailiil9fllifMlt'M1 im' e ._...,..,-.. · · 

OfHn Prob(na: h . DOI. < DI. ? 

OM can atse define DPDL as PDL With similar ,--.11n1'_.. iif'(rw .di It of teplar 
expressioRs over AP. T~ tmt • hawr. 

Note thottgtt,, dt&t tile piCllfW tn DPDL cln lir: ·aairl4 • 1ft I tfr ty •ktue Of' 'the · 
interp1et:adan: ....,._a~ aadml·•• 1.Vffili-llii.: ;tlbilfl~, we car. 
restrict the ltnlctDNs Md Mk. the nme qu nalar 

A bina)'y. reladmt r ts .sakl re be~-' If fer ..-, • ..._ a• MOit oae t .such 
that (c,b)Er. · · · 

o;m Problnn: ·Is it the case that f~ .eftl'Y PDL~ P ....- ..... DPDL-wff Q~uch that 
.. ~ PaQ) rtlr ev!y"atriletWe~~-~~ in .• tit' (i~i~'":~r~~at. . 

We.~w define the~~ of.tataH;iw••ui·t~:~ .tat.-tliat "the 
program will terminate~ die ........ : 1 

. • • •. . ' • . 

. . ~. . 

Definition: A pr0gram •·lri'l'lRC· is tfRll1 corfttl '*'1 ...... 'tll *ant~ U and 
DDL-'t'ffs p and Q, If lsu (P:a<aJQ). j. 
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Note that Corollary 2.S( a) substantiates the widely used fact that for deterministic 
programs, proving partial correctness and termination ... 'the nme as proving total 
correctness (see for example Manna C39l). 

Thus, DL is a tool powerful enough. to express the concept of total correctness for 
deterministic programs. ,However, in Chapter S we will ·see that t~ls nottOn ls·much more 
subtle when nondeterministic procrams are: allowec.t' ' ' . 

Another interesting restriction on the· programs in DL ls the.p,irdld '°"'"''"'"' 
language of Dijkstra C13J. We define this language in .Se.;tton S.S. . 

. ' .~- . . 

2.3.5 B.e. Dynamlo Loglo. 

As it turns out (see for examp.~ Section 2A), many lnt~g properties of 
dynamic logic are invariant Uftder dr~tc changes ,to· the ~~;Of tffe ptcJCrams 
involved. To provide a defini~e cl~ whtch·call .~ .. ~or"''' p~~le •upper, bound• 
on this complexity, we introdu~ r.i programs. ·· ' ·· · . ., · ' .. 

A regular program of RC can be thought of u .a regular set of ~trtngs over ~he 
basic alphabet of assignments and tests. ft ... , to ditHat •tnr the meaning' Of 
these programs to ~ the union (over this set) of the binary relations obtained by 
composing· the relations cormpOndtng to the ~ts Of'eac6'.·Stttng tn' order, ts 
consistent with our definition of the metftlttl if die ·"'l'*r • ..,_.._ever thts 
alph~bet. R.e.-DL is obtained in a similar way by adopting ·u programs 1.1. sits of 
strings over the abate .... and definiRJ~-........, •. One p.,umlar way 
in which to r~f'r1smt these progra$1 ts to Wpply a 4lelcttptieWOl;dle•T•tint machine 
which r~izes-thtS r..e. set, 'alahg·wtth the (:ftlllllilJ 11ts Olfw1•ment1 and tees 

involved. The semantks of'r.e.-DL-wf'fsis dteiJ**1netl' ..... r IJltf·tO'that:d'·DL 

Thus, these programs are so complex, that merely dectc:Ung at each point In 
the execution *what to do next" mtgftt take- the ful;,owtr\Of ~ machlltel. 
Nevertheless, it turns out that thts comptextty doei· flGt. lffed Moat or the reMI about 
the validity problem in DI.. 



2.4 The Valldlty Probletn for DL. 
' . 

In this section we state some results CORall'1Hnl'the quest1en·ot·how fiard tt is to 

decide whether a .1~.~en f>f-~~ *".valid. ~ a ·~~ .~1ff' b ·~ .• ~kh. ts true tn 
every state of ewry,,~iv~1 tw. ts RQt, •.'-.-:~·,a• ....... ~". cruation 
but rather a queitieft'iftvet-ltnc the..,_.. •• .., ef Gl ... t1iitlf anlllllpiwceJffnctams. 
Throuchoul thts ledieft, -.wteutedle nii1*-~-l11iint1Dtei'~kadnc·ctcrees m 
undecidat>ttlty. 

The first fact about DL is the well-known l'lall'live~ of the set ~ valid 
first-order formulae: · . 

L#mlU 2.6: T~ vdd ..,.., .. ..,,. DL-wfft tom a Jl:.aft ..... sec, 

Proof.'. The. are ancilelJ! :~ •atW nr..,.-. wffa·-.al~~,. ~. I 

Lem;,,a.2:1 ( PTatt' CUJ): tt.. vattd OL....fts - • 1pp~1nal fll the•· ....... , form a 
z'l--comptete set. . . . . ., . '· ._, l~:: . • . 

Proof: Triv~. uUng, L.._.. U'-' 11 fs ..... -ltd:., . ..._ . ...,-fft!epnJlrUll. I 

TAeorem 2"., t"-1' aall, ,.._cm>:. 1'lte ~ DL~;~!it!JjQmt_~).r~ ,.._. P Is 

firSt-ordft Md ••--·ra::1111r ..... .-:j\ 11.,T.1• . ·. 
t ~ .• 

m«herwerds .....,.-.tlilm•,t.J.,_....__. • .r11~ . .-G111m ln 
it) to a ftn141dll foNRuta,,._ ........... ., ... •llt.l~tJJt<f!IJi~ ...... la, 
parUcutar, CJJne~nlMditltla<:--•la1• • :fllllw:.,.._t~.,__......,....,..,,.. P 
and Q, sWwlllC;nma ctf'oq1-•111•4•••;tllln•••,11'1• ,.,....,., .... 
uninterpnted ptOCrllftl ii 1n r.e. prallllm. . . . 

Tltffrlfft.. 2.9 ( .... and ,,.. [Ul).t tht .... Q~~"' ......... '-'W ...... p " 
prog ...... , ........ .,, .......... ~.-.---"'· ....... - . 
or as smalt as t~ ....... x..,;h:+-ftx))* ), ,.. a ~<:~11 •••• , .. 

Thus, attachiftl ane box. to a first-order farmula ,.._ rite l'O a very hard valtdtty 
problem (as bud, m faa, as the .a.,,..._ r. TurtRc ......a). (Slmltarly, one 
can extend this to the- clau of valk;t partiaf •Ndll:111111 JdDR&.) llowever1 lf the 
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formula P to which Cal is attached (the output SP.«ification of the partial correctness 
assertion). is free of existenstial quantifiers, Le. is a u:n~flfTsal formula, the prqblem 
is easter: 

T laeorem 2.10 (Meyer and Pratt C22l): The vtdJd DL-Wf{s.'.q(. the f°'rm CalP, wher' • ii 

as in Theorem 2.9 and P ts. a universal first-ord~ t~.;_;.i~,. f~m ~ D.i-complete ·set. .. 

. • 

The hopes of keep"'J the validity pfCPbte,ft for tla&:W;~P,f DL down to some p•ace 
in the arithmetic hierai:c:lty '.are s!'tttteredJ>Y the ~ u,pem: 

T lteorem 2.11 ( Meyer, C22] .an(i t•U): The lit•lid 01..·Wff'f: pl,.•h of the f ollqwing forms, 

form a n\-completeset,~ tbe Mt ofpr--ol~~can, in eaeb case.~ 
taken to be as large as the set of r.e. JlNlrw:·~·a·IM&1t u ~lhtlleton· 

{ x.-y;(x4-f(x))* }: · · · · 

(a) JxCalP P a,~fbnnUla, 
(b) lxly[calP P • ....-ier...fl'llir;ftnt-order· .formula, 

( d <IJ1 ;-'2>C•lP P ~ qllMtlfter-11• ftde'"'Order fomNla, 
(d) P 1' a PL-Wfr. · ···. 

Thus, the validity problerrffot Olds extRrMty Mrd, ill f.:t n hard •deciding 
the validity of ~at anriersaf ~'<>rd#~·ef the femt VfP, whiete P ts 
a first-order f0rritu1a oFa~~ :ff· gfit¥~M wiit(hGWeWt ,::ftw •tte ·~formulae· 
with only one "akernation" of programs (here we like to view Jx u <x+-?>). The upper 
bound bf nf can be shOiirnl to· hotd tor· •11 the: VatlatiOIU ltie ti~i mtiskfered, M 
particular, the 5et of valid rormutie c)f rtch:test~d0m-ariay~DL also form a 
nf-comf>lete set. •. ,, . h. 

These results then, elift)tnate a,ny posSi~fti.ty of cbtaJ,n*"f (~solutdy) complete 
ax iomatizattons of any int~resting pord~ of ·n.,. ·in the. neXt clta.Pter we wlff see 
however, ·that the sttuattor{is ri« s0 pun~ · · · · · 

· We remark here that Meyer [44] has akO been able to shaw' that the set of valid 

formulae of .s~twickt's CS9l aioru4•rrtl( 111~ ... •~ Jl\~ .. , i~~ is Cor?tr.,-y 
. to erroneous J'."'11ts in KrtcJ11ta.r Cl~:~ [33J. · , . . . 



In this· chaptw' we introduce tM ~af' ..,..,, .... • ~ characterizatilXI 
of tk ~:tJti,..wtAd'f.t i,•t1t1"uWl•4ll....,8'1\1tiilti lirrW'Mllli,.~tlM! tiftlverse 
of artdtmettc.. Tltts:.~· •1afl\,.~'.-..-\;,~p~,.. Im 
whkh maes: explicit us. or 'Nl't*ks ttra1·....,.. G¥er dte.....-nm•er&· far my such 
"arittMRfttt,.._.,,~-~ ............. M.W1M.t:.....,'.aMlistloW' 
that then·P't1t:#liiJs:JitpltR, ---~ ............. to:Aiil~milllfl,._._,, ........ · 
DL~wtr. Thts·p,....~-tldMl••••:•11Jf•t1flf~·,,; ·,; ,. ;, 

A•' wilt . ....._._.. 1 1tatllecn1prlt;·•·wrat ......_. n_.Hn.fnt order 
formulae'to?"ouantl.' the!1zerliu•o811tu& •lll._..ln·'-· --.j ... ~ .. * extra 
power illl~we!Ji I .............. " ... 1•R11Ptt r•1•••t~..._the 
programs·, i;e; antgnmatts·tcr..,i_.,.,IL_.....,..._..,...-: dirnllUEaf~,. ls done 
e.g. b)' Owt<*t·Ufl_.fGF...._...__,_.11,,..1 PAii ffl;fttctt.W~·-·PJCJllMVIS·mtght 

not 1n.-...__. ... ,...1-.,sa.-.-11!i!4l•-·1'f 'fllar~~a..-.am 
can be· exaendeat..-,am111ltd4111u1.-~1J1t '-~'t&llPW1'1!tl-Ml.a ....... ~ 
~ti~k~,_,.-.•tltltsnll!IJJlirJll•W'IHl.UlllHJt~iM:Jt.-- .. -, · · 

Anttdpati.__,,,~tor:~i~V--r"'F91.J4llr,~•est•._,.-.• ~,4,,,.6 
and 1,,~·state••;_p~~~~c~'Wlilf1Jfft.:ll1 '~ ~-"'-~9"P'Jt . . _,~ :-~ ·.- _ .~~ir ··;--~,-f•-_;:::;;~J .. ,? I? .. ~ ~ .. ~$~~v ...... "'., .. ,, r .. · . 
generattutton: of the indUcttan mp 'wNei· •:rtllllll r.r ~•••llt1nm t..._«tt~ in !setuGnt 
:3.2. This step ts c:onnnun·tottwcampfetacm· .... RIF:dltii"filtts'we~-ltt'·· 

:~~n:es~=!!Jt.1:'~sl;Fiil:r.-r.;:tt!t':"c.r°'· 
an antttmet~~tumv~, '- tttat:.in;;·-(~.~~1W.£~r~fttiilh''a..~1ofte. 
It is theft.proved· that fot"at1Y;attdimltkalUftiftflil)~,ik~~ •. ·rc.tYe·ti~tft~~ • 1'.) .. 

first~ fo~ "°uiv~ Jo . .tt ~vs that~,-~:'P,~~~~~-- ~tom 
s}'iStem p· for Dt ~· Pr0urJ ~,Its· 8rilla•tafimlii~li~t~ .• f'.~ ~-· ~ 
contains th~~-·~~M .. flll ... f:~/··wv~·:u· 
we remark on· the relattaMt.tp. ft8tdlng IMw-i.tiJr?IJptUil\•·•iRD'....,-,. '1' • '· 
comfll«•n~ss, and'· MlrkowtltiaTl:4E'~ --•••1111& 
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8.1 The Theorem of Completeneas and Arlthmetioal Unlvers-• 
' " _..., 

In this section we prove a general theorem which 'wtn~ applied five.times in the 
thesis for obtaining completeness reJUIU for aritha:net~I axiomatizations of various · 
logics of programs .. It wtft aitow us to deduce; rot e*lmpie/t~ -~ll;imedcal · . 

·: . . . . . . . . . . . ' ''> . . ". • . 
completeness of an axiom syitetTI for DL gtvi'ii th•'th~J~· ~ ~lete for proving 
basic f ~e in'votving at most one pfolram.' Tfli th~, howeV'er' will be stated In 
very general terms. 

Denote the set of first-order formulae by L A&sume we •re given a universe U, a 
set K, and a functional · 

The M-extension of L, L( M), is defined to be the followtn1 language which is L 
augmented with one format,l~ "'.r~le: 

. ( 

(1) Any atomic formula is in L( M) 1 

(2) f.or any k~K, variable x and L(Mt-wrf's P ,and Q, 
-.P, (PvQ), ;JxP an~ (Mk)p·:8fe'tl,.f.'..W1fs. 

. ~ ' . ~ :- . , ' . 

The semantics of L( M) are defin~ slt(h that ·.lit( Mk )P hotdl whenever 

JfM( k,{$1 $.l=P}); all the other clauses receive their standard meanings. 

Some intuition .rntgltt be gained .at tMs polnt~y nottctng U..t if K ts taken to be 
the class of programs· RC and (Ma)P:u mterptetectu·<a>P,lffeftt(M)'is'itt fact 

regular first order dynamic IOglc, l.e.,DL. - · 

We now define some important conC!epb to be '2sed Irr the' sequel: 

We say that L is LI-expressive for L( M) if for every L( M)-wff P there exists .an L-wf'f Q. · 
such that t=u P=Q~ 

An axiom S'JStem P(M) for L(M) is any set of axioms (or axiom schemas) and inference rules 
over L( M),, Pr.ovabilit7 of 'cin Utt)-Wfl P ltr P(-Mt··ta .Wtne1·1ft the~11anctard wav and ta 
denoted by t-P(M) P. P(Mt'. is satd to be U-•n4fl,1f d lfte ..... areiUo.ydd and alt 
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thi! rules of tnferntaJ preservr. tJ~validity. ._ ~ u.t tf P(M) ts u...-.nc1, then 
whene~er I-pt M)R ~, .,.,. eke ~ . 

P(M) is said teh F~~ -'·~]~!f '.~~···ot ~~al . 
c• .. lculus. are .~.,A'{l!flJ. ~.···· .. ~.·. "'~';'Jt ~/H.·~ t!f,~···.~·>--.:i*.fJI~., t)•:·.. . . 
md t . u . . - . i«., . "Lflll .. :··'· ''J:rra ._.,. · ."' '. ~~- f- . ·a. 

0 "-'· -et1JJt,"6'• •(. ·. ·"""· ''', .. ~ ••. tf >~· ~'""~•:,;,·,0<' l!'tal , 

TltHr,;,. J.I (Ttwutem or c.n,1 ..... ): r ...... U ••-a .... L(Mfor L, • 
U-S(JUnd .axiom s,,._ f'tlll .fel:. 4,MJ a U-GI·~ ~kiJf~t.~ 

( U PCM) ts pr~ complete, 

(2) LisU~·ferL(M), 

(3) For any ur Ind L(MJ.""Wffs I and Q" . , ' 
if t-p(M}(R::)(Jl then ,._P(M) ft'\)I ::.'Ct1i)Q), anci 

( 4) For any Ir.ti Md 1.-wfb R •· Q:, · 
if '*u 1 ~·)PE.NJ·~·... .· · .. : .. 
" "u<•=stMt>O> ._ .. P4111'i:Jt"lJOJ,. _. 
if "u'''~f\JOJ; . ...,. lrpt.,C~J,.,. 

Proof! We have .. ·prow *-t tf P .tJ • L(M)1'tr .• /df.C f.0r, the .. p( ~) P. 
By the~••lfsilU s•flll'UQ1•••••iMMY·--"'·Ml:GIP~ff 
normalf°""""'-''~~:1••"Y ..... .-.·.,,_,,.,,..,~,1lr#,,.,,....,·C!f M;9nd 

tM.number of quantif~~ P.· A...,_lhet.__.:,,•¥i'•.-X·~·~:~l ~'. .• : 
appearances of M and quanttfien. If P ts of lk fem P1AP2 . ._ we haw tr0 Pl and 

tau P2, beth of wlrichh~ ..,.,.,.~--~M:'M.-..-..t~'_."'.._.._ to 
a smg1e dtajunctton. Without -. or pn11*1 Wit'. an, ... .,.,., .,.... that P is or 
Of1e •:Pf'... ...... ;~ ': ; ' ' . f'' C· 

wheM IL~ ancl.P& and,Pl _.,,.._. ,._...,.,,._ .. paa•11u1f;llianct ....... n.:.- :1- •· 
use~- •._.. l:l\l, ~l, . .Jx *' .... •ililllll •""*"••'ate. 

----------------~-· 
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L ts expr-essl•'Jfflr.~(N) 1 and wfc>r ay.L(J.Q!"wff~Q.~ As ...,..L-wff Ot 
which is equlvatent ''° Q. ~haYe theft fiu<"'Plt'':it ''It~•; .... _..., a.u.....,.. ( +) 
(since Pli., and P2L are L-~ffa) we also have · 

· C +> tp( Ml·· 4 "'PlL :1 ,,21..>· 
Now· surely, by the definition of PlL a~ P2L, we have lsu (-.Pl :> -.PlL) .m 
1su (P2L· :t'P2)~· loft. thae t.st·lef-- ht•e tm~lrl·tt'•Pi..,..Gt'W>and 
quantifiers, ·and he_nce. by the iftductlve hypothdil ·~ ' · · ~ "' ·· 

. ~Pt~) ( ,p1 ·~ . .,p11) . att . 

fp(-M)· (':L :::t. ~) •.. · 

By assumption ( 3) or the first. clause in U') t~ on . ..,_ IJ aJ an .,,.,....anc:e. , ·. 
or M or a quantifier) together wiUt the proposidol\at amplele•, .we obtalft from the latter 

. "·~" ,.. '·. );~ -~. ''. ';; .. -: ..... ·-:·, ·=~?,> ··-:'',· .;1,.·/<t.~ :,;~~-;"·'~· ·. '· ·' ~ 

From(+), (+•):and(.,...)' wept~ alfnf~:~t ... p('f')( .. Pl=>JP2),· . 

or. f-P(M)(~lvpP2). I 

· ·0ur 'pat an t"e next section ts k> .,,>' tt.il: t~' ~'PL v~· ai an 

M:.extensk>l1 oft. af ~~~tee! •~. 'tn.~''w•' rik.• 1~ ~f .-~ Uittt~, .. 
the artt~a1 univeises, euh 0r whtt~ ~ niilut~'i~JW: tWTheofent Thes · 
fact ts proved below in Theorem. 3.2. . 

'An 11tttlrilittlcal'rnlwru K1S a uniftfse'ih ~M¢1f~ dOmalri:tftdodes ,the Ht of ,.atusal 
numbers, the IMftary:~ strfi&Ofi ~ .... ·fJ.rt'fttal ...,_...,;,~~ ... Mp · 
( W<idttt.n:ani mu1ttpttnti0nresP«i••r_,_..,., •. ,_.~:d80•1ts dt tt. .. 
domain, and OL•·;l;.,...liMdilel'OUJhGtcler fwao••...-•ls*"'pWeteef~u die,. .... ,' 
numbers "zero" and "one" respectively. furthtlnat ·~,.__.,_..,,,....... 
symbol na.t wtth the tnterpretatton, "'"".t(dl ts·~ tff dis a nattaral number", that ·1s, 

for every state 3 {dfD,tl aat .i(d)) ts the set of nattinl '9U...._ ThQS,· we are able to 

distinguish ·the natural numbers in the domain f'raM the ather ...,._..ts and. we do. not care • 
. say, what t,he value of x+y ts In state 3 when It b nat the cue that ufj( x 1> hoklS.: 



An addtttonat ptWJpet'tJ ~ H'WWe fl• Mttlu111tlad •••••tit ... ..,,., ;to~ 
fina. h .. 1.-4' ••• 1•tlMo ... 1IJl;Melll.: ~ftil .,,..,,... ·"'t#,._f,111.,.,, is . 
U follows: ., '.' ,, ' ,·,c .- ' 

There exists a ..a predtc:ate l{ft,i,r) ....... ._ ... n ef A, 
such that for any natural •••• • ,.._ ·- •P'·•~haYe 

(VK1-x~)(ly}{VxYIJ((..,(t)AMIJ'=» (l(.C'-J} • X.x1J). 
\; ; ~ r ; ; ,. ,. ·. :- . 

The intutt• Js,.._ l(_,x.t.Jl) . ._.. ilf *x,Aa -.«hh-GJ1H•n;111 f1f.,J!' ,-•lthlll•1W'J ,._. 
sequence x1_xn can be-w:oded·as MICh ·a1~ , ·;· ; . 

Mete that one partkUlar artt~I -.... M.;-.e......,. II of "pure ·
arithmetic"; that ts, the untY«Se tn ~ the ~lln a ... a':tlitJ the 1et of MtUral 

numbers, and +, t ., O, s ...S Mt ( wtddt In • caa• t• ~11·~·~ tNe), are Che OftlJ 
futtetton and predk:aw ,,... ... Cadets.I...._.. fiiel'~ 6A Ill ~fletd 
[62]} lel'Yel .. ~,,,.~~..,..,,,.,.Cl.... ' ',' 

It ts' .Important tO note .tut •Y Ufttferte U C1i9 be extimd1• • an ariunnetkal 
universe Au by aucmenttnc it, ti ~r~~ ~ ~n•ll'I _. ........ 
apparatus for eneoda.g rtmee ......... Thul, ..... 11 ......... .., , .... of prGll'am, 

~ ... ~,,..,.... ~-~-·~itW ... ., .... fltt'4f.J.l1'AaUc:at 
untverse. .. 

. Ylc . ....-rk ~ta.at lit fad.we wil,I 1- -...1 ... ••• ~;tfti~-~-. ·wtth 
,~, .. ·'~'~}~ -~- ,.,.,..~ •tt ,,,.,.,,,!Ir,~·.~""' .... ,.,,,' .· .'.' 
sat&tl,_ P .. t•••t......._ ....... .._, .,.,. ..... ~-il. s.,~-1-~ _,,,.,_ .rf 
Jlf,.,._A •ktlt~ ·-u-.r~----- ... ,fli!llllll lhlA' 811•• ... '8 lr.81° ..... tD 
tldltaee ,.111 •l!·St t111i : 9Str•Dirl• fll iL 

3 '"' 



Tli.eortm J.2: Lis A-express~v~_for DL. 

Proof: We have to show that for ev~~y DL-'wr(P there exists an L-wff PL such that 

I= A (P=PL). We proceed by induction on ·P •. J~~"~~~~:r··""~ atQfllic,tprmula, or of 
one of the forms "'Q, Qv&ypr l'4Q ar«~f~ !~·J> is9f the form 
<a>Q for afRC and assume QL is the L-wff ~:¥:~~·-·•rQ~";o.n.te ocsr(a) by Z, 
and by Z' denote a vector of the same length as Z whose compoMRU· are distinct variables 
not in var( a). By convention we tan denote by x' the eletn~r'11pf~,Z' corresponding to an 
element x of Z. We show, by induction on the structure of •/that there exists an 'L-wff . 
F a(Z,Z') such that for any DL-wff Q we have . ·_ · 

(*) 

where ( QL )~
1

) is the obvious genera~itation of. ( QL) :' io v~fof vari'ab1es. 

"fhus i~ • sen~,,, ~e Ond_,a Jor~J' FA "."hie!1JJ .•. ~t!t ~, !ec\]' $itf' "'· c;~ri,~~;Chllf1~~- ~~' ·. 
valu~ ~f z to that of z·. . ; . ... . . . . . 

• • • • • : ~ ~ " • ' I • • • ) " , ' ' ' c ' ; ''.,- ~ ' ' ' ' 

. ·,.i- • 

. For. ~ui -~~ignment, t~ f x.-e tq· be . ~-~""' ~StJfelt;.u (~~g,lf ,~ -,.~·""•v•~t to 

<x+-e>QL which is A-equivalent to (QL):, or in fact to Jx'(x'=e I\ (QL);'). 

For the case where• is of the form #JUIJ', take·lri.#) "* bt!•·tfl'"";'#''). 
. Z" Z" 

Similarly, wh"' &. iJ ,,;a'., f:+•·#l is ~-io.,~ ~~(<f1l• ,,~,f (··lzJ~,,. · 
Here Z" b a "fresfl" vector like Z'.· k ls qtJta -~- tp,yer.!Jy;dJa.t, { ~) h9kl~ 
for both these cases. 

.;, .' .?. 

Assume tUe be;ef the ,f.rm ''· By st~;~ .~Uffl tf}e ~ 9,1' 
finite ;Seq~ Jnto smde elem!mtl .,,r;thl!uio••• ""~CIR,~'°· ~~~•tlon~ · 
formula ITll~: "tltta·a'f•;v,watiite,_suc:h,cM.t~\'-'" tr-,<ti:·~1'~;},,~._.,z='1/. 
abbreviates ~M:eoftjunctienic#ittle equatity ef:tt.cs-~of,;Z •JM!:&, 
ITR6(1) ·.• f fJ•· ane for. any, $tUral .,,_.,.,. ~l-. bJ•e ~.-W:~g.stfKt .-.tloAli. 

ITRfJ(n) = (JZl) .... (lZn-l)((f fJ,Zfe I\ «r,li1~ A ((Jl)~2~ 1\-Aitr,)~n-1). 
. . r 

It is then easy to see that for any n, <a">Q ls A~•.-•·:{ ~!Uta,( Id I\ (Qt. )z)), 

and hence that r fJ* can be taken to be (ln)(nat(n) "ITR1tnl}; and that· 
then ( *) wilt hold. I 
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.. 

Thus by tnspectiftC the aaunipltofis of Theolem 3J in ·tM. ~- ati-tvi! at lftt 
conclusion tltat tf we can find m A-.....a~ionl . .-. P ~ DL, IUCh that 

- ', ,.,\ ? ' · , ~.~~~~ -. -': ,·· ~ ·~ .. :i-·' J~~t "('>::;~~ ·,.-·_::1 -~~~~~- '~1.~'r~·:~ •'': 

fal pt.·,..,..iendymmpMt, " 1
'." 

ft>l p:ancw'• ~1 .. _.:,.., .. •••, • 

ft)Lp·...-Vllf'·Mld f'JNlrf , , " · , '· 
' '. . '· 'I-;, ... 

. . . 

and ( d) we can PfOft •"1i!•#Nu fltP ~ ~.W dR llfnple r.ms R~•>Q 
aftdR~~}~·f·~~~O•.·::i.• ,)1 ,, , 

then 1ndfttf .t>Y T~em 11 wi;hn *A~ •1'•iWlw;llt4t*tt 1ydti·tor DL An 
axiom system which, for nery atitlM llkll •Ml• A .... •• •···iWMl~•;A .. ~illll';· 
l.-wffs • .,.. a A~_. A,,..,.,, .. Cllllllil>MCil lla•r•IJ ,.._,.,.,. hi Ille next 
secltOn w.ft·~•.t..r••~•"•ilii11M1 .. sn:1~t'1~•m"._..,.Dt.. 

~' .. '. rr ·.' J 

~ · ...... ·'} ;~'-l ::i·~~~h-~·h f" ~ 'T :
1 ~ ~- . ' 

In this.~ - ..... -..~)~ddn:1liltJljFbl---·--Ii;,. AW :01,. 
In the _,.,A -...~·'.W._,......., _____ L'._.•,ef'f1nl~ 
fermvlae. When talk .... ..._ ...... 111ra1 _,.,..,.we .. .._~ ._.._,,,..,._ilMd 
for varta&lu raftlBtl enty o.er dw n•1at A•Mll•• W. dD ... ., ....... the 
ronow-.-.HWlliMii 1tt11L,·--•w•;.,....,._. ui•ll• ...... /'.,, 

. the variablr1f 5ai~frit ,_,_itw•••..._ll.lll•f..,l1'l......,f:,2'ft_,._.f_', 
ex ... ;··~ftt}~\aM .... 'llMlf)alft• Qllf9JIAt'•t1ldullit.~1j't· 
(Pf·.r,)DQ) .tsl~;tt,•rt114a1tmt•,•n•ftl curtt'*' •••• 111111,_ .. ._ ....... , ,, 

YltPfttJ .... ,'W1YWf--~-~ _,i..._..,.., .. ,1wrllfl•tf§•>""~).J., 
~fhf,..,.., ~-- lY*""'~,;.,,, DLc . '. '•i ) ; :;. 
Axtotm: 

tMJ Mff .... paWjpt"1.-1Jfcllsll81 .>, 

{I) Att~ ...... llMll ~ ; ! · .· ·. , . •· • ·. ' 
.,.} 

(C) Cx4"1!1P • r:, tor an L•wff P.r. 
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( D) [Q?JP = ( Q=>P). 
( E) [«;-'JP ~ CaX,,JP. 
(F) [au,,JP .= ([aJP" C6JP). 

Inference rules: 

(C) p , P=>Q 

Q 

(H) P=>Q 

CalP :> [ctJQ 

(I) P=>CalP 

P=>[a*JP 

(J) P(n+l) => <a>P(n) 
for an L~wff P wtth free.ft, ~t. nl rldr{a). 

P( n) => <a*>P(O) 

Rules (I) and ( J) are called the rules of iJUHJrtanu and eonwrpnce respectively. 

A DL..,.wff Pis said to be provablt in P, written .. PP, tf there exists a finite sequence 
S of DL-wffs the last one·betng P and such ttt• -6f Riinata'tn s·1s·an'axtom (or 
instance of an axiom scheme) or is obtained from previous formulae of S by one of the 
rules of inference. · 

We first establish the soundness of· the inference rules wMch appear In P: 

Lemma J.J: for any un'ivene (}, DL•wffs R and Q; ·anchtERC, · 
if 1=0 R::>Q then 1=0 {·C•lR => t.JQ). 

. . 

Proof: Assume t=u R=>Q, and .fttE•lR for some-JEU,,:Tttus fbrevery $tU IUCh that J-1 we 
have c1tsR. Surely then, from ~=fQ we ha•ell'Q: Thus~ 'Jt(t1lQ. I 

·. ~ ~·.-,, J., 



Ltmma J.4: for any untverse U, DL-wff P Ind MIC, tf t-0(P':(aJP) 

them "u(P:>[a*~). 

Proof: Assume t=u( P:Jf:aJP) and .fflP for ..,,. ~U. We have to mew .fttCa"lP for all 

n. We procftd t>y mductiott on n. For n=O M.a8» tf .IMllW?JP If Jla(mu:::. P) If 

JJIP which ts aSIU'med. AJSUme JKa"lP. ly lly(P:a(a]P)" we ca oblatn 

lsu(C•"JP ::t Ca"X.JP), amt Cher wndude JK~ or JK-.n+1lP. I 

Lemma J.,: F'er any L-wff P(n) and MRC, where rrl-C•), 
if fltA{P{n+l) :> <e>P(n)) rtMn .. A(Pht) =» <•*>P(O)). 

Pruof: Assume Is A ( P( f!f+l) =» <•>P( 1r}) and "'1'(a). Wt lhow 11-<•*>P( O) or 

31sln<•">P(O) by mductkm on n3. For n1-o we ha•• Mt (trw I\ P(O)"l or 

Jls<trut?>PlO) wttkh ts Jlt<•°>P(8). A.,. . ._ ~PU)) hotcb whenever 
lt-P( m J and mi • fl s~l. IJ flt A ( P( n+l) :t ca>P<ttU we CGJICluife lit Jal " . 
lt-P(n)) amt "$ = n3-l . ._then 11-<a*>?C•, ,,_ wMttt we hive lltee><e*>P(O) 
or Jla<e*>Pff). I . 

We rentark here that rite rule of tmartanat (ij mt be·,.._.. by the induction 
ax tom scheme 

which ts derj•Dte from P, and from wMdl,IA P, rult.(Jl cattm.derived. 

Tlt«JTtm J.6 (A-soundness of P): for any Dt.-.rt P, lf .. p P then ts AP. 

Proof: foltews from Lemmu.1.1,, 1.-7, 2.1, 3,.3, u .-~ . I . 

Vie now apply the 1•ter8 .Tt_...of ~ of th&.prevtous sectton to obtain 
an arithmettt•1 cemplM.._. result for P. ltqiliftef"*"...,•.,,., titat cheorem we 
have to prove tlinlt P ts ,....,._ tor ,...,... dt M fenM l:C•JQ and l=><•>Q wtth 
prttp'a~-free ILMllCI Q. T,._ two...-. ._.._. .. 1w1n f ihear11n 3..9) artCl 
Oiamond-eompMenela (T~ 3.11} .......... "''fillan1.,_ . ·They m both pr~«l by 
induction on the atruaare of•· The·d~ fl .... • ts fif tM,.,., r, tn which 
case we show that when, say, R:»CrlQ ts A-vdct .. th9' there II a way or proving that fact 
tn P. This ts deM by extttlMdng dertfld Allll (r) afld (1) be1'w to cover these cases, 
and proving that they can be applied. 

-------~ --·~---------·-·------·--··-·--·--·----------------------



I • 

:;.. ·:~-.... 1~·,>;;i~.<; . : • .. --:'1!J.-!c;?~~~!t?!i.'!'.i'.t~-.. -~ .... ~ ... ,~.-----,,,..:i~"'i'····~· .-\• .. ·.· .. ,;. : .. ·.· 
c''~1'~~-?--~J- ~\K-',,,J:' "'"'.~..t,~,~~1~~;., • • • • 
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Lnarna J.7: The following are derived rules of P: 

( H') 

<a>P :> <a>Q 

(I') R=>P , . P::>CalP , P:>Q 

(J') R=>JnP(n) , P(n+l) ::s <a>P(n) , P(O)=>Q 
~------------...._ ______ ...__. ' 

R=><a*>Q 

Panclnas 
Jn rule ( J}. 

· Pf'ooJ: (H'): from .. p (P~) Wf!,abt-, ...... (A,)<and (.&},·.hp:(~· :::t. ,p). 
Apply (ff) to·tet 1--'p (lal...Q =»·l•}tP~; theft. tA•:....,(e):wallita•'r~ (<«>P => <tl)Q). 

. ' 

(J'): Like (I') but using the fact that fremifitp· t~(n)) and ,..p (·~(n):><s*>Q) 
we can deduce· .. p.(ll=><:a•>Q) ,.,._ (B>'r<;A):1lftdielJJ~"·; · .... · ·· I : ; · · ' 

An L-wff P which A-validates the premises of (I") is called an t1lvartant of Cl with 
respect t,o B and Q. The cmcept Of ._ariancw ._.._«,ucb.a q«Ute uh!nsively tR Che 

literature on progr-. veriflcadon,,seefoet~,:Aa!t..a-~·,wfNch A-valkletel' 
the premises· of ( J') we term a Mlwrpr&t fl ~ .. ,...,_·to a,,n Q. Tldl oentept · 
does not seem to have received adequate treatment. 

We now show that it ii alway,s poutllle to ftnd 1111 nvamnt of ct wt R Md Q, 
under the assumption that the conclusion of rule;( I')· ts A . ..,ytiid. · 

L""~ J.8 ( lnvari1~ Llrnma)s Fw every .... ..S D~,l ·..t Q, if ·11s AtR~). 
then there exists an' L~wff P such that .. A(l=>Ph· tll(•:ICwJlO and '.IP A <~J~}. 
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Proof: By Theorem 3.2 there is an L-wff P whkh ts A. ...,utva•t to C•*lQ 
(i.e. I= A ( P=Ca*lQ) ). Certatnly by I= A~l::ICa*lQ), we tta~ f;A (l=»P). 
Similarly, it is easy to see that I= A (P:»Q) and ts AfP::»CaJP). '- · I 

Tlnorem !J.9 (Box-completeness Theorem): For~.C:Ul"L-wffs·I. ~ Q, 
if .. A ( l·:>CalQ) then 1-p (·l:UJQ~. . 

Proof: We proceed by induction • the structure 'Of"•. A11111111he __,.ttan of. the 
theorem to hold for any• wMdt ll .. ....,. Iha• tn •-1*iifl·111i11 tnctucti¥e sense, and 
assume t= A ( R3Ca]Q). 

For • an assignment or a test, (C) _Md {D) rlllluee··dte ....... to that .of "provtng• 
an A-valid .L-wff,.whkh *'.....,an uiam. . 

1r. isM\ thin,,_, w.,p·.r.<~wla#JQ),-f8Ra'*11tlttted by t;f) to 

a proof or.a~~,U.·et:&Mse,...._ A1"'*tilffJ .... :-~ ~ rpr 
both. ' .. '. . ... , 

lf a t1·1J;IJ' then we pnff l~Jq tn.P,~-·~-w•ll and then use([) 

to obtain the desirall 1:-r~l:J[l;l'.JQ); ~ .~,~ ~~~~~} -~ hen~ 
.. A ( R=>CfJP), where P ts.an L-wff which ts .,Utvalent m'tl'JQ (and exists by Theorem 12). 
How•tt, l'Jl[aJP betag A...,.,•r•....,·!dw •-•...,.,:·""•*•"*° ..... +-p (R=OJP>. 
StmilaTly we can st.ow t-p ( P=>CIOQ) ·-..._,.,p:all' t>-lQ) •t f.rGlll whkf>, 
using (A) and (C), we get f-p (R!l[IIl'JQ). . 

ror the :cue when • is r, we ·lirnplf ... MslLH!I U.11t*b piarantMs .... extscence 
of an ·L:..wff P whkh readers the Pl_...,, ... .,. .. _..W)·,A~IMll. ly die 
inductitt·hJfpotMlis these an tie :p1Q11ed inf'., •ct*9 ... .,.t1a1-. or:U',) ,_..the 
final result. · I 

Simtmly, under the lllSUmpttan that the-~ el (l.) .iJ A,..9Hllkl, we can 
always find a convergent or • wrt 1 ·Md Q: · 

wm• J.IO (Convergence Lenna}: for e'*Y -'BG. Md DL-wff& I ,.-.Q, if: .. A ( R=><.«*>Q) 
then there exilb, an. L.._,, P( n) With._ ..-l•l-9 ltlth·• •AJR~:rlnU, 
I= A ( P( n+l) => <«>P( n)), and Is A (P(O) :»Q). 



,., 
· Proof: By the proof of Tt.eorem 3~ one can construct an L-w« P( n) such that for every 

state JEA ·and natural number i, tr n3~i then <a1)Q ·~~·~·IMtt a,a.J hi.PCn). Thia . 

we can write_(slightly abus~ng notation) as .. ~(Vn)(ut(n) ::> {<•">Q • P(n))). Certainly 

by tr A ( Rp<cl*>Q) we deduce· flA (lt',ln~ri) )~ ttmt~IY, 1rb'~y:t0 see that the Other 
A.,.va1idittes hokftoo. . · . · 1· ; · " · . , . ' . 

·• : ' ~ l , ·~" • 

Tlttortm J.11 (Dtamond-cornpleteriess Theoretn): ''* ne.fy-41C;·~ L-Wffs' R and Q, 
.. _ · 1r .. A tR=><•~> 'then. tp t1~r. · · · 

. . ~ . ,. '. . . . , 

' Proof: The proof follows that of Theorem 3.9, using the derived duals of (C,-( F), and 
using Lemma 3.10 instead of 3.8. I 

We can now conclude that, fofDL-Wtts; A..n1kkty l.nd'S'tO'flbtftty tn ·p·are 
equivalent concepts: 

T latortm J.12 <A nthmettca.fSouridness and Conlfletlnetl· rer Dt:.>.: : : r C)r any DL-wff P, 

,. p 
A. tff' 1-p P .. 

Proof: One direction ts Theorem 3.6• at:td'1tit ~·:f .... fromtheoret0t a.I, 3.2• 3~9 
and 3.11, together with the fact that (A), (l),·(C) and.(.H) are part of P.. I 

• . ·~-t . • 

. ,• ''I ' ;';''.', . .. :•~ 

Theorem 3.12 is significant in that it shows that a very simple and elegant axiom 
system is sufficient for- carrying out the ( A-vatMitY~iriW} ~k>n di OL-wffs 
to formulae of arit~metic, in a structured maMer. As we point out in Section 3.4J, 
viewing the~ 'or proVing propetua of p""'••lt'u·~ :a pnW 61 it formula tn 
an axiom system which takes all the validities of the.......,.. first-order tancuace u 
axioms, is due to Cook C12l This observation then, Ci••·~ to .vtewing auch,·axtam 
systems as mechanisms for carrying -out thb translation. · 

Appendix 8 contains a proof in P, oft~ A-validity Or a nontri~ial DL-wff whkh 
asserts the total correctness of an iterative version of Mi(Jatthj'I Id i9t-r.mdtan program. 

We remark that P is also an arithmeticaltf~i_,_ for: rtth-test ... DL (see 
Section 2.3.3). Also, random-CL (2.3.2) is cornp1etely utomattMCl by adding 
the axiom Cx ... ?lP • VxP to P, under the condition that In a · 
universe A, the only x's we allow in random asstpment statements of the form x+-?, •re 



uninterpreted ones. Pratt [S2J' hu speUed out the Mk. t,o-.IJll added ~ P, tn ord.,- to 
~ axtomatite uray"-bl (W}~ 

. We abQ tlOte.here tbat we have, used a,••••tett•• ..... ~ Wf1oach iO.llfQYing our 
completeness theo1'9fft. Thia ... a. wn in _. tiaktftc p:nnhe .._.. ~ ~ 3.1 ( re$1). · 

P(n) intheprmfofi.emma:lJO),tebeA---te~~~). Adiff-.t · 

proof .i ~a&(,.._ ... I~~:---... ! ..... ¥~~~ ... ··~· 
approach. This proof mvel\ta ,._ p, ll0-~4411111f't•:l9 ~~' where m( • -) b 
defined as {( J~)~ (,.,.f~tfft(a)·).. A.,...._~,,._.. In, a wkler 
c:onteU m·~.u 

In this section we SQpflly an artthmetkaly, cempleaa uMift ••stem DP for DDL (see . 

Section '-3."1..a c...- -·~· ... J'l,f.~;ait.-; ..... l)f •·-ba*.•11"·• 
"$pedal cw" of P tn- tbe ........ tts .._, ••l ..... tdH•kat. •• • are 

stratghtfGANt'dfy· deri¥ed. fNM, thole of ft" ... su••••.'. :irt •ta. cart'. :· Yiftt out the· 
synthesis of OP f-Nm· P ts pre¢illlify to ldltl:ktM..,_tn 1111•,....... ·~ 
such·• ltoare's•la· ..... -. ...... ~.R.,. 

. . ~ 

Consider the feltuwing atom System Dr (Gr o0t.: . 
~: 

<A), tU, tQ ··.Md· LU • lft, P, 

.(O~J"). !I[.$ t•• «.-IJQ,"'•. (~ A-L~,;;.-~lQlJ. 

(C) and (H) u In P, 

H"), ·· (PAil =>·CelP 
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•. . ( . . 
· P •ml n as tn rule (J), 

L-mma J.JJ: For any• and It, ~C~~D~~;;ff <J".~ test S?,'tt.e following are valid: . 
(1) Cif S tltn • llst tlQ ·-. (1\$f•jQ) A (-4 2 CllQ)), ·, 

. (2) CarAU1 S. do •JQ • .C(~;~)*J(SyQ). 
1"!_,; ; ; .~ .. ~-:~1.~fl; -, . 1 ~TL-!.f~,:' ',_T'•' 'p ,. I 

Lnama J.14: For any unlverse u',;;r>t~twt"P,<CIEIC').,'ist'fr,<tr' ll'u«V~sl;::te~lPJ :; 
}h~, t=.u<P=>!~' S ~&'·P~~)). .· ·i·<r :·, ,. • •. ,,,,., 

Proop We llave i!ruf P~=>tS:;,t~1'1>' '~~~~(f:~J~J1~·,~•• .. ~J :~t:,.~!l.~e. . . 
l=u(P::>C(S?;•)*JP). and hence also ts0(P:(!$?;e)i/(~~P!'-4lJ) whkh ts:stmply 

l=u< P :>C( S? ;•> * ;:..S'.'J< P A..S)). 1 · 
: ':~t.'· . 

L-mma J.1': For any L.-wff P(n), tat S? ancl efl\C, where nl•r(S?;a), if 

Im A ( P( n+l) => (S~~•lP(1dJJ) ~'¥1· .t.A(\'(Ol~: ~"'-~N ":;, ~"""""-"" •>P(O) ). 
" , ~"I. •· ~ • ; ~ : ~ /t-:';! e'• ~ .,~ ? ·~ '~ _, 5 

Proof: By ~':J;mption we.~~-tfsAC:P(t1t!l,~:~~~j~~JW.!~ •. ~ a\IO·:·' 
I= A ( P{nl .~ « S?.;.i•>,~{;C}}.. a,, th! ...-, • .,,,.l1Jllft*'lfll1t·lh•r•l~+J!A {~(,.), · 
=> <(S?.-l•>(,.S I\ P(Q-)~):)b« ."wtPf•,.,.,(f&t111tl.,.,.ttt1 ':;.1i,,,: ,. 

TA1or1m JJ6 (ArtthmeticalSoundneu and Completenm for DDL): For any DDL-wrr P, 
lsA P iff I-op P. 

'!;', ~ ~.'.'.; i~': ' • r ,;~ ('. ~ /. :::; ~\ ' .)' ; -;._-, /' 

Proof: Soundness follows from Theorem 3.6 and a.emm. 3.13( l), 3J4 and 3.15. 

Comp~ ~·111•··--~ .......... , ....... ~3'll"••·i\ 
3.12, U6fft~,l1te.Mlbtdnt,..,_....,...,., ... .,t ..... w "l>;";f .;m;;, ;: .-·· 

,, . . , ... t . j ~ 



1t ::s c.~ s. • . ._. 

(J'") l::>Wfn;} ,. P(PI): ~t~J) , °P{GJ2t~A...S) 

&~·-.J .. ~, .. ·.· I 

We reman tttat.· ( J,.> it pr«illlJ· ._,..s:U!IW.saa "*tor prevfnf thtr 

partial corr~ or •141#..-.. ~ ~~ ,~';f~l!'. ~,. (J"} is 
precisely one· Gfo w..-s. mJ ~,.._.,......,fl. •.·· llr ""'\!'1·*·'°'41 
correctness. er slit# P'8P••· i. r.,. ar 111•11rru11stB _. fFf: ru,n1111t1t a stmpt. 

repttr.ung ar ...,.cm.a••• .,•••'r·,,_,PJ'~·~•,•7JIJ11·~:~.•;lr·~·-.-.~~. · 
rotes· to· be Mrtfflt ill .. _,, .._, n...·•--•P.·•.....,. ... ,.._.,_ •* are 
cand1&n.~-.,,..-..,,,~., ... ~ .... ,_ .. 1_..} • .,. .... 

We refer tfM' intmatllt ruder •tie ......,.aDfil, ....... ._.,...,.:more 
observatiom·~·-. ~_ . .......,, ......... ~-.. ~· ,, •. ., e.•·"1:•~1C·,..,., ... ....... 
determitdSIK. pialJ.,.,. ·Ml~ lpp 1w ,._. llf;ad,· 'ur.ra .. · . · • ,. · · 

Th,..,.1'.0al:l\.to··~ttllef .. lfi-..;..,.'it.c: ....... ~·t0, att6 was: 
inspired b~7.C.Ws Em• ,.., er ......, .. qt1•11•~· IWllattuniW • talte· up 
the·tatt,.,. • ..,,..,._ .... ,,,., umhaf •••du11JSl:t:ww·~-~ or. 
m.··ll)ilpt.-.V ...... iyti .. 'll ......... ~··•'•t••·-~· 
Csta: SM· lllils.• Wtmtaey .... ,. •• ,.1.;a..llillm1t1 ·1~1l~••IM1Ai111t _...- . 
('as. opposed' to· Lf:--vetid') f911t1dle· fl: dltl".-. · 

M-.weindklatedtimdW.,..._,...,.Hu111~•111t'M''Millln .,...,.. .. ,_ 
the pantal~of prac...-,..one•wfffiltffiill1ilr 1$ lfJ:.ais8's.-••;IN'!i"''°'*
sake of this dtausston ..,,cmr Ht' fact t1rint attarcer1 Hp u•llf::...,.....'af' 'P 
CORSisttng· of:: e•~,, (:C)-{(J~ am:l rultt OJ ., .... ,,.,...,.,. .. ls, Ult tt By, B. Cook [.t2] 
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tnvesUgated the question of completeness of Hoare'• system and manag«l to formalize what 
seems to be the tn.tuktve 'way'tn WMc1t ... )e·~-1ift:nnfl!i"t:Pat.ta~f'tn''t1111·t.sel·of' 
programs tn. ltne ·with the method~·~ &Yl'Wtm ~*fir C461 'Cdc)k ~-' 
the reason•nr. abou.· ·t ·the.· '' .w.r.,,. r~·:.tt.. ·~ ' .. ea.an.;~.:r;. ;.· ...... · .• v ~'DW~.~. ·.., · ·. , ........... ·· 5 

"'· · .. .ll:.-...· · ·. a . p.,,.... • "!!"... ' . ,.,,. . .• . . ' ' < . "7-111." ....... "",... .. , . • .. . 

. dtsttncttO... 'betwt!en ·provtt.r~ 1.Wv.1·c~ ... ~~if_,.,~. (i~~:t~it)." 1-rM t~ .ttn . · "'..· 
requires some p~nt~ ·~ 1n:ant.t 101WftLk~'a 1'nt«cler 
for. muta · '"1'teras1d\e''Mond tte·nOt. ·'ft.::~.-(~·-~.. -~..J. . .a. ·' tWrW _..._With . t . . . ·~· . . . ~ .,""!""'" ..... 
a generous ordde''9Mcti·Mitlfht!s1Hlftf1*-lliliM'J4111Matl.tdM.wiM1'1 • tnattt"Of'flrM: 
order femntfff.· lntlrii way·he"wu *'fe·tO"iMft-:cwirCei:W.tM.RJilleDe'•4'Ulll · ·: 
thernWtffs>'whtth ...eito;serve'16J:•~for'1MIM.W,·ll'•.,.-1rawttonftat1a1t or 
partial correctness assertions (of the. form P:l[.JQ) into f!C1uivalent'iflrlt~fefm•I• 
The truth of the latter is then checked using the oracle. 

We now forqtally ~CG.,k's tWftotton at·..-.,. ~.·uunc. th,e. 
terminoletY ., tta:vedevela,llf... ··A-.tllrenta; ... _,L~i--r•~,Mf ,f,Ant~, · 
formulae •• wffl,;tbus kts ..-efl,' .• ·iA1-.lfX4*• ••·--~ for.:L' arid ·. · · 
denote :oy A·X ll the . .ystem AK. u ~~,-. ;"uollt: .. JR.~._., A~tj .. ja;AX · , 
augmented with atf·the'U ... •atld ftnt.., flnMdW,a~1UM•.i.-... AX<ti11.saJct•:t. 
cowa;ttre'for l.'· ~t•'to L Jf .. fer •Wl'Y •t--M .... .:;tl•""' •.,.....,QIWYe .fmcL', 
AXlr•s-AJ--c:omplete for:L~· (:.,..y U~IJ-wff.·•..-•iil,~Mu>· 

The proof is in fact identlcat to that· ol Ot.lf'h>-complltenea·T...,.._ ·( Thnt. 3.9). · 

Now, if we restrict ourseJves to languages L' such that for any arithmetical 
universe A, L is A ~e for :L', we llO.fletdtlt ......... ll(OlfQplete'lea la a special 
case of-relati~e completwss; we do Mt ....... ~dlat;4llJ!tilerU~ tor~all · 
untverses·U which mO.e·L U-ex,......ror:tl(..-tOMy_,6att~dW;aase for any 
arttA•ftlt.t·untvetW. ~ftillvidtenr'M .................... 1.~wan which 
take thetr standWd'·tnterpr«Mtln·fet·~~·ijfMl~a-eW' .... iJ"tlle Ollfllof;n; + ·. K•· 

and 0 tn the Rule of Convergence (rule (j) of P). 

The flurry of "positive" ~b'whi~ r.,l"MM·Coak~11__.v.atton, aftei'whtch wu 
aimed at prov~ing-a__. ,..,fc»F-~•1M1•W" ......... 4tfle· ... 

progr~mm•nc languap.(e«. QH, tiil'ucl!4U) lid ~-·~--••lan.t:' 
"negative" research aimed at provtnc incompleteness results which indicate wben Hoare-like 
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systefnl are doQmed· to b4t i~ tYtn .. ii,t .th« ,c,...tve .-of ~. The ftrst notable 
res.,.~i .. ~n tl}b <Ur-.tiQA.b ttMtd ,..a.cttl •. ··-,~"-·it is~ the Ca$e 

.tb.Jt Lis lJ~Jtp1uve for~·.••~~.- ~:t~t~ ... t~ e,x•• u~v,..ses U 
such t•.·~Xuif - u....,, ..... ftx i.:··~·-~~~,Qfl'.~,.~.,htve p~ed 
the follow~- .v.-y. in~ftilll:i~---~el; . ..-.:~ ~ L'.._~ . 
u~~ ~-~ tH l,l1P,,.,~...,.«r.., ...... •,~1,._;.~ 
(call..,._.,,..,~~ ~•••llme.-•••·•..,•..,_·.,. 
which a HoaH...-.is,_..,._ •••11J .. •HF11ll0...._\tp1-.---6'At~ • tNt 
finittt:~ h·,Catkil QU ............................. ,.Xtt .. JJ,...,.... .. r. 
the•· tW..;t.talcls. Gf··Uftiwts-. 

The finite universes, however, came troubllc CtatuClOl has shown that 
introdUdftl'' (Into,....,.._ 11111i .. h•p:lllf;IDl'.wlddt.!•1:#....,._ oflS,., we wtttett) 

varleUf PHifrtlMMlftl --111•1·.suttt.•---•dllMli-.Wll!ll~.,V.,..trm, In· tbe 
presence;ef ,_, .. _......, . ...,,...;.._..,. •• ,,.,.._.._-.~'Of· 

obtaJ.,..ng .... .., ............ ,.,. ..... n.. ui iillti.ao,191-...ioa ... fact 

that dlei:fint:.-, ...... t Al:~;- ... ---.,.._!...,.."°' The 
tncompll-...U ........, . .., u... ilta'lll1Sud W:1'111ti• •• tlW••~_..·1s11ur1cr-nmans· 
langu.ages hav-e an~,......., • ....,.._ ....... 1'11..-.. ...._,d!e:Mt:of. 
diverging programl is not r.e., a fact wMclt WQUlrl. ~·- e,tt1"'ellce of any 
relK~<--llte,.._..·;ttM ....... ,lt:ffllt.._ .. •np,ldlif......_t>t.·one 
tmplying that, la partkular, the set of valWl ,__,..,, .. ,.,.. ;,.=4:•¥•1• iS r.e.). 
Hence, the.ei11•••~·~·re111D••tta~1MtM .. ·icnrr h_.!,,Gl'Hlll'-'"s. 
of L ts sattsftH. lf'J umwrs11 fllltltjbUr.· "'1tlttltJU. · . · 

TM· re5ftft!ht ot"l.ipl'Oft Md'Sh• 136tl·wld ...... U6J .. wlmill •t·ift a 
1eneraliutioft. afld ff~ .r~Mts;~ .... dll1"'8 (Yt:111•l tn;ih&J) which.~ 
seems to de ............ ~ .. ~···-..... d ................. ,.u ....... ,. 
••.,.haleia1tpa;lllll•::.oMF--~ 194nj •• ,k.-ltlrmMl•,fa~•• 
it being r.e. if.t.•ttleld of·af& U•v.•r.i ~.'t'ort.,.t>'1......,..-.(;r.~AJtJH•IN f# 
Lw 

We·~~,t-. ...... , ... ,,.,••••'*~•tl•PC:••~ua.,u.....,..tete 
only for all ar~e1v••• 'tUt;pl11JIJll1_.11 llll r M:lld; ••M111IUt12•; .... ) 
seems azn11..._.· .... ~••*'*.ftr dif NJifttu• 'n:litli_.Jf ,.,..,..,_,,..,,,. Lit .-
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. · In addition, it seems that in ,Order for axtotn~s of much richer logics 
like, say,. DL (and the logics a,peartfti.-~':~tbe; Mils~;,d"DL, A'Dt~ Dt*.:Midcrt>L•) to be 
r~la.ttwl' complete ( i• that they work for ftntte Ulli•erMI too), 'Che rula Ehat Involve · 

arithmetic (i~ 19Je UH~ h,'~--~~ ~~.t! . .'~.~-~f~~~-~omatn ~· 
and would probably result Jn a system Yittktt.ts·rvtli't't..Urat •'efiJlan" · · .,.- . '-· '. . ' '. - . ~· ""/ ·.-.. : i t ;· • - .. , . ~ 

, .. / .• -.. . - ..•• }r.l'f, ·,-., . • :o ' ' 

We are'of theoptq•, t~eref~1 t ... attfl!:'l~ite_'~~~ -~ .. ~ 
(l) the concept t ...... nat,.•tenltfelf ~bi: n1•aftlleri '.ii''&e:.,...·.~··p.~a1 
correctnesa ( CalP ..nttatlj), arid. (2). a waw'UVci «'' .. :eiefi ..... t1is .... ed •. to 
ensure the eJct.tstence of •'1 ~nt rei.ti•"1 ~·.~~·of. this particular · 

; j ' .. • .' : 1 ';' • •Y, ,. ~ t ;!4': ~-' • '., • •, j • ' • f > ~ • •• (~ : 

concept on its own..: . . . . · · · · · · . 

Thus we feel that it_ts l'l•tural 1Ut4 ~at·to· .,_ dte ,....., tnto ones . 
reuonlng langu e, in ctrdfr to m.ke;~.,..·.W1tlWPif,J1~ w· (UT)' out. tn P 
(and later on inagR, p+ et(:.). ,. ·. ., .. " ·> 1/' ~'Ii:}<'-:.··· ' ;: ·~· ' 

· Jlot• ttiat by ~opt.Ang ·die "Ho.re spi~" 5i:structured, na~ral axiom systems, the 
remark in [67, pp. 90J •1t the ianlia.,e'n ex,,_itflt<Jtllfl•t.11t61 wr•1cl0tm i · ' · 
complete axiom system for parttal ~·-~~1••••;~, We are not I~ 
tJI· a one-rule system whkh hu bll&tt: • n'·.....,;'th8 NI~- dt<ft4W to · 
Codel~code any wff and how to~ the.,..,._ f__.. of. ,ar~bmetk. Ratier, 
we want systeml for~ oeir formulae .. aw,,..,11 ..... ,~~1.--r. ~· 
on the way. Of course, the proof that thete sy ..... Mt.iijl«.~t mvOlve relytnc on 
the expressive power of arithmetic, and hence macaa caa.....-.. lhe. use of Godel eftaldtnc, 
In turn making "the formulae - be less than ~fi(l1J.(u is the cue wtth our 
completeness results which at varioUs points require ftndtnc the arithmetical equivalent 
to formulae). Nm~, wbelteft f!h\t tNr'-"'' •1tJ.r-..1A111•·~ute1 
considerably• tO the ui'lderltattdtng ot~...,_ ·WfGtJ·l~--*iffMJfra_,,•tl·at 
which the natural and fhtutave''pnidffMe WiM·ti•'Ww ..W~1can·be;,._.._.. . . 

8.4.2 Infl~lta~y Axlomatl~atlon. 

In 1910 Salwtckt.CS9J ihtroduaedilll .,,....,, it&lrl(Mit 'Wk:h ,ts ftl'Y. ~-.to 
OL tn many ~,-'tM-Wlatn<dt•- ....... 'tt.S .,, ... .,. .... .,...~ .•' 
d.i1rnd'ltisttcttguhtt'J>«'Jlff'91ft&_.,, •. v...r:aa illl li'*'i1ll111l'!Wldt'f•••1"J,the 
reseatcheri•at·Waraaw ....,..,.,.SafWkM,~:~a.,.111111M·:• •••:Wl _..,, ... 
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the problem of axtomattitng AL.· (See rn tor a survey or their. wort· anc:t C211 ·for a 
comparison with DL.) · · · 

In this section we ~iH not attempt to ctenniAL, nor Wt~ ft: state any of tl'te · .. · 
results r~vant to it. ·we wtft» ..._e.., ~- gtYt. a~·IJrWf ~.ijr'a;{~· axaom 
system UC for 01.., ~"1ved from that t11 C•D, amt, ,.,.. a ~..-..at theorem for IL ThiS 
theorem is essen~ .. .o:·~a ·!--;·~1•1'£l•~'pft,ot . · 
(supptied in C4D)·c,r~·~~dl1fm.·At'·-~~~rntm" ·. · · · 

" < ,."'· ' ' • ' 

The objective in constructing IX is entirely different frain that of constructing 
P; the idea in IX is to provide a syn~I ch.aracterintien of the MIU DL-wffs, as 
opposed to the U-vattd Qnes for ~~ uni_... U,, .C~eq~, as .we shall see, IX 

seems to be inadeq.uate for provnrc·:~ .r-~~Pa!!~,f ·p.··~· ~lch Operate over 
specific domains, and which use functions Md pNritkita 8ffr thl.it d(l(ltaJm, havifiJ their 
standard interpretations .in mlnd. ·· 

IX ts an axlom system, whkh makes use of the folloWtftC two tacli 'ror 4ea1inc with. II*: 

<•*>P • (P v (cl><.-,P), 

· and the rule 

1 a=>e•~>-:0 
(m) 

R;:IC.*JQ 

• 
Besides these, IX ~includes die axiQma.(t\), (D), U.l ..a.(F) .... ,.... for Vx, ~axiom 
Ccll(P:aQ}·=> (CcJP-=>CalQ),Mda,..-e~,.-.,llf(~-~rar · 
~-cwwheR Pis agener.-l·DL.:..w«. A.._ (GI 411"4'tf!J9•• .... -lX,u ll tbe 
rule p 

[aJP . 

· A proof of a DL-wff P in IX it a tree wtdt roaMabelecLby P:, tn ·which alt paths 
are finit~, and tn wftidt a node·and ttl tmiMdt* Wlllll• ._.•did;._ aa:onlanoe with 
a rule of tnference, the,_,. t.etftf lalJ1l•d_. .__.,.;.-.~ ,S.Jely, b¥ vtrtue 
of rute-(m}, a proaf•ee mfltlt'ba .... ;·dte cnBll~. ll·that .aU-patl\I 
are finite. 
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Tlaeortm J.J8 ( Mirkowska [41]}: For •very DL-:wff P, . f!;P Jff . l-1x P. 

Thus, .IX cha,ra~ri~J O•e set ofDL-wff.s .~are U-:vJ.1id, •~every universe U. 
p on the ,other hand, is designed to ch~ractertze' the sets of ol.''!\'wffs w.hich are valid in 

arith~ial unl.ver~. ~i{i?llY• ,,_.me ~ ·~, . .-,.~ umverse "*t~,., 
untnterpre,ted function and predi~ate sy~ The set of A-valid. DL-wffs and t~ set or 
A-valkJ . .ftrsti-order.wffs ar• ~ni.~• ,QU(~a~""9 ~ P·"cets ttJ 

nf power"' from ·axiom sch• (Bl~ Le: ffdm'talinf tM ·etemer.fl of the 1atter set as 
axioms. The rest of P th6., t'an "arrons".ietiic r{nftafy. IX "di"' ~tiill'acterlzes i 
Il f-complete set, namely the set of valid DL-wffs (see Th~r- 2Jl), how~ver lt "gets 

its power" from the infinitary r1,1le .( ~} rather than f.-om the set of axioms (which. in the 
case of IX is r.e.). We can think of this sltUatiOn u a trade-off between throwing the 

bulk of the nf-responsibiltty on the axiom• or on the infer~ rules.' ' 

Another way of looki~g at the relationship is to note that since one can assert 
the existence of infinite trees, 'Such ·as proofs In IX, uslnlftn#• aentences of arithmetic, 
it is obvious that one can indeed give finitary inference rules to supplement a set or 
axioms which includes all valid sentences of arithmetic, and ~It be able to assert that 
a formula has an infinite proof in the IX sen1e. 

Note for example, that the formula 

(*) nat( x) ::> <( x+-x-1} *>x=O 

is an A-valid wff, but nt>t a valid one, and hence the reader should not be surprised that 
he cannot see how to prove it using the circular-looking axiom for <~*> above. The Niki 
wff Which perhaps conveys the same idea as (*) is m,ore complicated, and in It we have to 
replace nat( x) with a statement of the fact that x is aa:essible from z (standing for 0) 
via f (standing for successor}, and that f acts on the set (z, f( z), f( f( z.)}, -l like 

. successor does on the natural numbers: 
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This formula ts v.altd, amt· provable tn II by vtttue or ea ~Of the set 

{ (r(z)9tz" Cy+-z;(Y4'-f(yl)*J(J(ffyU=y)) :t l:tt.i;f;c~11J;~fxfo1(x})*>x•z Ji"=0 

being provable •. ThiJ catt·W dtite;forffxei·1·"'"'ttr« ... ttiia•.._.W.~~· 
1 times ro ~(x.-g(x))*>, ._ ._...._.,.._.-,,.rJlll.•.••~•• .. -. .. u.r.-.'.dM 
proofs of each of t.hese pr_.. ot rult·(•J 4t -~-,tel -..> . 

'•". 
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In .thi .. s cha. pter we .,.rkh. t~ p .. 1.~~} ... ~.~--:e.P. 1~v~ ~·~!~.' ertng by 
replacing the .* opuatt)r w.lth a r~KM opentor ·en ~ '1Th-. in a wep defined 

• . • . i, '·:"> ·-'<'• '. '•':. ~··;· .. i . ' :r- ., '>" ·.: ~~'' ~~-'' ~ (' 

sense we obtain contnt:ftu. Pwiit:~ms 'over .......... --- l(Of)posed tO the 
r~plar ones we bad ptewloUsf\t. · f ·, -~ • ·"' ·· · 

The development Of' the ••ta1 tn tttti' chapttf IS stranllf .,-reca!d tly the 
analogy extsttllg'~, in 'tfie'1'1WW;:uwe~;irW.iWtitf ffdptU1'd;by the a* 
ccinstruct, and, ow ttwothet, 'tilt Of mtdtftll ••~;·,··~~lfve PfOl'aM 
construct·tftf11odutect .. b1l111 1 

.. , ......... ld•p1111ut:tl9 .• i_..._, ...... _..,,....iftC in 
Cl9l and C23l for provtnc the partial corNCtneU of recuntve prc11rams are captured 
concisely by. our box -rule for the recuntve PftJ1r111t conltl'UCt, lftQCh • Hoare'• C21l •Id.If 
rule is cafte_.,1c24tuad lty:ttle 'nMf;d' ild .... fJI 11•1n U Jlibllther.,....,. • show 

that this rule ts S~;tm t-~af:,;•·•----·a.. ~,·,·~ .. tt,~llY;'.11 . 
drawback t~our lr~..,.t~ll~~lfl~:~"f~9~~f,o,··~~ •1.-.tnds 
of parameters in the~ ..,_~-,'.~1..,..~tJ;-'·~~.to, ~...,., ~-
clarification of U1e ,.a.1n~.-; ~ ....... ~.··.~ ~...-aenr.e,.tn, 
digestint, t~ titer~ ~ ·tJtt~ ~~~:;~~~!J9'_.'tf,, ... ,~ ,o,f;,~ ~~ .. t~~ . . . ·i •. 

presentatton of the 'butt P,tftdples 1Uff'er1 from .,...., oblcund by rules· for dealinc with 

the parameters (i.e. rules of substttution, ad••tion etc.). We mri$lder one of'the 
1 

goals of this. ch1~,p~erL.~ •. ~~t,~ at; ~h~.~·~;"'.!" .. ·"~·of th4t,,1tmilarlt~ 
.between reuonlng ·~ tteratidn ~· realnlorl,. , · · · · ' · · · 

.'" • ~ • < • - ' •. • • • '. • 

4.1 Definitt..1UJ. 

· The definition of CfDI..; i1;Jdtotlql•:t.-.'.Gf Dli.....- 1hJt • d.tff.,..t, aet of 
programs, aamely CFt •s . ..,..,,..._.-t of"clf.··" -· · 

, J .-

'1. ! 
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We assume given, besides the sets of symbob of Chapter 2, a set 8 or J>roiram 
variabltJ,_ elements oCwhkh we ~ by X, x1,<X2l -, T~ set ,~ flr'.f'•#I tmru is 
defined al f oltowS: · · · ···· · ' 

(1) [very a~ x·+-e, test. P? or ~~~~, ':.,...,-~-~;is .a. term, 
(2) For ~If terms 'C1,_,'C., ~ ~~Jlr"tn in 8, and for 

every i=l,_,n, 'Cl ;1:'2, -c1UT1 and •a*i-Jn0:1~-cJ. are t~ 

The ,..ix1 ... Xn( 'C1,_,'C.,) clause is intended, ·v~~ to:~~ t~ 
pr.,anu:onsisUng of' ao 'x.eaKicln Gt 'CJ ..,. .... ~ .of t~. varioUs X j tn 

the y.ari_.. 1=k HplleM-·'Clc. Miiia~~/ .~ •lta• tt~JA11..,..,,..UM . 

procedures.·· The:bulk . .t·tb~•••• ..,_,.,..,~t.-fnt:1tt'l•·de8ia.I 
below. 

An occurnnce.of Xj ln·a temr'C ii IUcltoW....,,if•iltstn a sullltm"Maf dw 

form ,.1..:Xj'.o.f'l'1, ... ,'Cnl, ; andjrff Olherwts&i·-li\;.,..,Wlllt.•Mlil''~ ffl. ·. 

any progtam·variabli! ts ca&ttd.Mt Tfte..t'r~of ....... ~-~...- ., .... 
of terms, and'tt obta#ted' bj~tfiat·elftrt'lalliJilt tfittllffeilnf · 
11,X1-X~{t'1,_~t"n) II dmld~. ,,.,.:,,Jdt'~~ ~t~··t.w~ . . 
from T by restrtcttnc the ·var. Of n·ln ~:_..,,.,~~lliJ:'AtrM'~i.IJ.7:X-~t·'C1•-•1tn) 
to be at most j.. · · · · . · . · · · 

The set CF of c~t1:ct-Jrt4 pregrams is taken ~ ~~....,, ~~ tlOsed ter,ms in 
T 1• In Section 4.4 we·s1tetc11 the extension of aUr ......... ttre'."91 w'ht!re fhe: set 

or. programi ts taken to be T = u;oT 1 . ~t tttta ~ though, w can .omtt . 
subscripts and, in the ftavaur of the- semaMtcs etftltl'lle19w, can tn f'.W .... *" · 
convention or denoting 11X~X) by ~· Allo, wet.ave,.... anly for one program 
variable :>f·to·!lfrle'as a ~ptaetwafle,t'.._; Tttwr,•~flf~VI,~'tt••illll1 tl'HPam 
in er. ContmjTn D~ (crDL) ts deftned ,jtllti1t18'11 ....... 1•lll•1wr1C .. 

S 11J1antiu: 

A ti we reaUy have to do hen ts define, for every atCF, the binary relation 
m( a), over the grand untwrse r, which a d1na-. lnlpet:tkWI ef ~ deftnttton of CF 
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shows that in fact all we have to add to the definition of m in Chapter 2 is how to define 
m('C*(/) ). 

For clarmcatton we will sometimes write t:( X) for a term t: which has free 
occurrences of X, and no fn!/ie ~ Ot _, . ....,..,M.r'~l~ ttten1 tor· IUCh 
'C we may take.t:f•lto-tbtftevtne•c·Yitdt·'d ~-rrtifttaVT'~i»yttte'pn,grlftt .. 

Define -c0(a) =df •, and t'i+l(crl cdf ~ft'IO~')). Now dtftne 

. m( t:*(J)) ~ df ·Uf--o·mf c'(fafmll, 

which to some extent explains our URd'1:~J)-toclenace pk(X}. 

•= z .. x; ( h:;O? ;y .. 1} u hflO?~-l ;- IC ;z~+l;,~•H~J). 

which is of the form z ... x ;C'*tJ). Thf fodlMUftf ts tilt-~~ ~t.fctH1): 
((z=O?;y+-1) u (zfllO?;z ... z-1; 

((z=O?;y+-1) u (1..offl+'l ... l;" 

z+-z+ 1 ; y+-y"z) ) ; 
z+-z+ 1 ; y+-y'z) ) • 

((z=O?;.y+-U u h..o?;z+-z-1; 
j"1uT; 

. One can check that in any state J~N for which: x J=2, :we 'hate .fl=i<z+-x ;t:3(/ol11?l>rnu, 
31=Cz+-x ;-c3(/clu?)Jy~, and for every n~:":Po'.IJ.~ .. ·IKi•1•~"(hll,1?)lfalu. 
Thus a, given x=2, computes 2 in y. J~ ...-.1 k_,. be 1eet1 that in the universe H of 

pure arithmettc, we have that m<•> ts the btnu1 retatton {tlJ>I # = U x .f)! I yl.f }, anc1 

thus cs is a program c:amputtAg/~-OYer .tJte "*~.qu•m I 

One can see then, that ( iJJfm{~*(ftJ tff .th-. exQtl an 1,._er n au:h Utat 

( 3 ,j)fm( -c"(Jals1?) ). In other wtll'ds UM,Jn~ ts 'hat-~~&" .. ~ RCUJ"$ive 
program ·-c( X) which "calls ttsetf" hi eff~ • .h, ~-af X, ts ·~xCQ_, fM .-..... 
n, the program consisting of allowing ~ans of at most "d•h~ ~. · Thus, a suc::cenfpl · 
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execution of the factorial program above, whkh is of the form z .. x ; (I u ")'; X ;a)*(/), 
is any succes.sful execution of zt-x ;")'1;1;61 for some t. 

(We remark that in ~ this (lefinitien is in perfect~ •1fl1 ftx;ot.nt HJIUl1ttks of 
recuniv.e .progs:ams, as deftned, say, in Ul-• {41 .Q,... ..-eikJ.1¥.Jront °'hese papen 
our 't''s are all contt11uou1 over the domain of btnary relldons, and therefore defining the 

meaning or ,..x1 ... 'X"t~1,_,ic,..) tebe'.theltlt.,.,.._vr.-Jlrm setu•*' of · 

the corresponding system of relational equations, In the sense or f4f and C261, ts, by 
Kteene's C301 theorem, consistent wtth..,..:dlftlll_.''1f1m('C*<JH.,;oriM(,aX~(X)).) 

In the sequel we will need some addtttenal n..._ to akl ita ,..nstr.uding ·our 
rules of inference and tn conducting our meta~rftlOll'!lffll. ·Note that· any .program •ECF 
changes the values of at moat the elements of wt(w), •ft of wlftdt,._iUf~ ;Tl'tat 
is, a cannot change the ·value of any aecond-erder functioft symbOI or of aqy ·predicate 
symbol. Consequently> wit .-.Id .ffkee.·mtlke U ,_.,_..._talk...._~_.,.._.., relations, 
such as those represented by programs, in a first-order ftaMeworlt. We do this by defining 
an augmented p~ a.suapCf'·ln,_...i'._!:ve ... tw _ .............. to 
these relations. · 

f ormatly, the set CF' ts defined as follows: 

·for any L-wff P and vector of dlsjDiftt •adabtes Z, ,Z is in CF'. 
- Any •gnment ""+e or, test P? ts tn OF'. 
- Any dosed t~ 't'*(/)4T 1 ts in ·er. 
- for any a ,IE"CF', •;ti and flVll are tn CF'. 

The .me.anmg of pZ ts gi•en by the fotlOwtng.addtttonal·•U• to ~be definttiOh of m: · 

m(PZ.) -= { ( 3 ,Ill I• CY IZJJ 'fOr .,._ fttMr V""« t!fetnlftts~tom D .1• and 
cz1 rnrtc;,, J. - · 

Thus, ·p is thought of as havtng free variables Z and l', whn 1: ·( irt 'line with the rema~k 
in Section 2.2) is a vector of "primed ver.iOns" of the members of Z. Thus, for example, 

(x,y)' is l~',y'). lrft\Jfftv~ty then, pZ ts ttte·p~wtttch 'ldtln1 1(ttbl1Ctetet1~tintsttcally) 
to Z any value V such that In St• 3 P ·ls tnfe'."f '.the v6'e dr ! M 3 and V. Thus, pZ 
"athteves" between J and l·therefatm indutea byttr{l~Z"l· · · 
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Exampl1: With Z=(x) and P(Z,Z') being (x'=x v x'=f(x)), we have that 

m(PZ) = m(treu? u x.-f(x))). I 

Now, crDL is defined precisely as CfOL but 1,1sirig CF' igstead of CF. Of course, we are 
interested in CFOL, not in CF'PL,. but need CF'DL in'. which t9 carry ou.t our reasoning. Our 

axioms and ru~s will take ·~-ace of.~~1e.: ... arlth~ u~·~~r~, .to ; .. . 
. qmstruct an."achteve p~am"of; ,ttteform,,,, .~ ~ ~!~~.,."r'''~ P~,am. 
Note that we could have defined CF' 1imply.bJ...__p: ~ ~·•·:• of·basic 
programs ( i.e. besides amgnments and teats), and then dettmq er to be the set of 

closed terms of width 1. However, we want to. outlaw the poalb8y of pl· appearmc In 
. 'C( X), and then being "*-ed", t.e. we dO not want prccr.,.. of the form t'*(J) In whkh i:' 
includes an "achieve" program. The reason for this wltt beODml .,..._t ta. the ptear·of 
Lemma 4.6. 

4.2 Results. 

Tlt1or1m 4.1: for any_ arithmettcal.unlverse A, L ts A-expressive for CF'PL 

Prot>f: T~e Theorem ts proved similarly·to Theorem 3.2, but. here a stilhdy different 
treatment for 1:*(/) is n~ry. It can· be 1howri·, by·~beencodtng of ftnite sequences of 
elements of the domain of ·A (desCJtbed fn Sectlari 3J), lhlt'thefe ·exists~ ·ror;ney term 

t:(X), an L-wfT ITftt:{n) such that for eveiyn ITR:t(tf) •a ........ 'tn(~), tn the 

sense that mCITRt:(n)z) = m(t:n(/als1?)), where Z:£ilil~(~)~ As an Theorn ·12, if QL ts 

an artthmettcal equivalent of Q then an arithmett@eijulvaleitt isf <t"*(J)>O ls 

JnJZ'( nat( n) " ITRt:( n) I\ ( QL)~). . I . . 

We now show that tn fact RC ts embedded in CF. 

L1m"'4 4.2: for every afCf', 
m(a*) = m((true? u a;X)*(j)) = m((tnu? u X.;a)*(j)). 

Proof: m(a*) = u~0 m(a1) = m{t""?) u m(c) u •(a;a) u.- = 
m{/alse?) u m(true?l. u m(a;treu?l u m(cr;a;trau?)··.u - ·= uc:°.o m((tru1? u 

•; X) 1(/als1?)) = m({ trru? u • ;·X>*ifl) • StmUarly for the second' equattty. I 
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A counter ex ample to the other direction of the fact I~ lily Lemm~ 4.2 ls the 
following program «fCF, for which It can be .....,.1"°'1m that tltne ~oes not exist any 
IJ~RC such that m(cr)=m('f): · •"' · 

( trut! u ( x+f( x) ;X ;x~•lU*f}). 

Thus, CFDL. faU.. betweenDL aftfl:r& .. DL t•)S..1-:W)~ ·~tilt, Theorems. 
2.8-2.U a• true'of'CPOL It wodfl·t»lft•---1·tn':W.-h··~~of 
Chapter 2, to kf'fo1iP ·the< •••il't'te tMlllllfr '.llf' ·.· 

Note the analogy between·•* Md~. whKh can be clewly seen by relaxing 
. notation and writing ' 

er* = u 00 
•" n:O 

[a*JP = YnCcl"lP 

<cr*>P = Jn<a">P 

~*(fl = u:.c, ~ft(/"111?) , 
f~jp • · ~Y.,s,?}lP, 

<~>P ~ .. ~~(/.LJ«?) >P. 
. ~ ,, ~ ~ 

1.n the,. seqpet we wilt .~ri- r.:'v.t • ~- ~.siP•1, ·~ ~JU .aS$U~ 
that'xfor pragt.-oftbe·,,....P.z,~..-1.: ww.·.a.,-..-:ifli$'".P~----.I list 

of fr~.vari~s of ~· r-.., .for~~- P~Z-,rl ~t··~~-'fi·. f ... more, 
we will assume t1'•Je,tfle c;ontext -.~JIW• ..;..,.., U;,~·lll,l!l~af ~. Z"! etc. · 
consist of &1.niflln-fW««l variabtes. · ' ·' · . · · . 

We now show how to express ~ fad ._ ,Z is • ........ or lower bound on the 
\ . _ ·-: ; -· - '.,,: : ·, .; .'.; 1 i ;. > I .\ '1- '~ ~ • 0. . ·~' 

relation represented by a program a, tliif'C Ot ~· ·· ' · · · · ., · ·. 

Tlt.nrem 4.J: for any universe U Md a«:f.", if z-.(41) Utea 

and 

< u l=u< i::z => ~·JP< z· .zp 
( 2) l=u( P(7.,Z1) => <•>Z'=Z) 

tff m(a) c; m{PZ), 

lff m(pz): '*' mf~)~ 

Proof: ( U: A·llUlfle: 1-u(,Z'•Z .:t &ctJP(Z' ,ZU Md; ••• .,,..,,,~~- We·fRlve '° ~· 
th~ 3=CV I Zl3 for some v«tor V of elements of DJ, .,.. that[ZI I Z'~.11-P(Z,Z'). The 
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first i1 trivial by J~f~ •·k~~ tl•.-,,'1r:tba~ or:.m<_.l, ~~ ., , · .. 
since Cl does not ch .. r, i(.1J)~~'~:~~:t:;,;1\.:<i}, -~·r1tz, !ht' . 
and $' = CZ 3 I Z'll = CZ JI rnl I ZlJ. HoWtYer, tw the 111umpdan, Anc:e we have 

constructed :r such th• J'lt(7.sZ'), we,... _.,~ti)i..tfiff1'1~lt~J l"'1~~~,ill, 
which 11 the ~ 11 •"'1C CZI I rln-P<Z;Z'). 

Converse1,, , ..... ~.>~~>~ •~••~ ..-·~.;_-~u ·•~·~ ,,.~.U, 
and that C1,$)Em(a). We must • ..,_ that ~Z' ,Z). ly .......... ; ( .f JJtm< i'ZJ, • · 
that C7..·i /7:~7~1''1,.1.a•••~. '.· ·.'!"'Ill I • .Utf iloilll!J!U1,,i)y; 11'1"'!•••, 
by ( 3,l)~m(c)· .~ 11: ..... th•;~Jl~l,.•,~~--':\~~ . , ; c. :·,,, , . : ,.· ·: • 

C2l= '~uuh.e ts,i~·P<z~z·~:·::1 <~>t:=z1)';'~;~: (lJ)f.it~l~A ,._.,prov•'CJ~)'•·' 
By the IC!!COnd. ~' ~1~.JMlif·J!la');~llfM.l- tllt ... ._ · · ·.. • .. ,, · 

(CZ3,7SJJ:,:(~/7Bs./7.1'1~~'.;~JJIMfttll'.,l(p)l~{··; .. ·. . . ' 
. (3 , CZj:.:7.1.J.lt-'f~, fwe.b.M#V/~-·J!llM fi&'l~:~~'~ft~l~:· . 
..... heact;iltat:(;,.j)Wt(•>· : : ; . ·: <:: f.. . • .: . ,_ ,, 1 ( . 

Conversely, aqume m(Pz)~a), ~ t~lt ,,,; ~·i•Ur;l~Pfr..z') ...... the 
existence of l*U mc:h ~ (1J)Efn<•> and "Cf'Zt r-..1·,-.1»e cr1/ZlJ. ·. 
Certainly Z'3=Zi· furthenwon, by ttte~fil?.._..,,t~J-itt. ·. 
-.~ J"·~·- M19i,,,:~lUt~~1!·1~i~,~J',t.~4)E~pZ), and 
hence • ,1,$)'-'•J; . . .·· • ' ; ;; ' ~ . . . . . 

. • . ·. 3 ·- - .' .. , 

We now praent..,. retUlb, aft d~ved··.INftt-~t ~~~or bllt..,Y ... 
relatton1, func:ttanab wt leut flxpoinb. ......_, ..... W. •·• dlliM Wt dte next 
sectton ·'° eonstruct _,. u• system we ._ ._ iR .._ti•! t 1 ... ~ .-.. f-,.. 
m(•) for some afCF'. ' r " " " 

Lntnsa 4.4: F"'r any'e,cl~EC'F'a,tci teml.t:0(1,·tt"!(.r);~C'J,jllft m(tf•lll;mt~_.)). 
"" .,: ·. " . . . . ,i~ ,"\ '\ z :' ,, ';~-:if~ 'i. .. t:i\if. > ·.:· .· :' : f 

Proof: Thts is the llfJM!llald" ol our ~1 over the cloMUn . ., ......., relatianl, MCI we 
omtt the stand~ proof. I. 
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· Lemma 4., (Park. CSU):. For any •ECf' and tetnf"'t{~J,'-r'Mt1elwl)Cm(;i) 
ttten mf~<ftl~~). :. , 

This ts Park's CSll ftxpotnt Fnductten Pribdf,tte; 

Lemma 4.6: For every a 0, a 1,-ECF', anct term .:'(X),.tf m(a(t)=tif' and if furthermore · 

for aH i~ we fni'ft n;(llj'.;J:fCMf'.:taal't, t'*' fW att·---.psllt{1tr~f)) . 
. ; I'• 

. Proof: . By incfoetton on 1.·. for 1=8 w·haft mhif)t:mt.:f *oHwm{-c(/cstsf?) }~ · 

(ua;_=O m( t:"(false?)) )=m( ~(j)J. A~ ri\{•t)_.~Y,f~ :so tttilt by temma ~4 
m( 1:( a 1)) t;;m{ 1:( t:*{j)) ). T~us ~ h•ve m(at+1,,s;19( J:! •t)) s;,...< f~ 1:*(/))) ., However, 

.one can show by tndu•ADll• the st ....... of~.t~~~4:=tr'«lc¥.Jt?U)' = 
u~0 m(t:(t:"(/alst'!))'). ··(Thtt ,._. f'nlm:tNr·~·.t"-~·~er"the~n ot 
binary relations; cf.. CSl. We"note th'tf dtf~; wt.uad. MftaMt._._. •. Qi teMtaUf Cf' 
would have allowed achieve programs.'of the form pZ to appear ta thtfWt,-l' And so we 
have m(aJ+t> ~ u~1 m(t:nVa1s1?H=m("l'*(J)J. I·. 

" ~ . . ."~, . ,. ' ..-: .. , f ._ ·,·. 

In this section we pment an artthitfettcafty ~~ l)'Mtm ff fc;ar prbvtnr 
the A-vaHd CrDL-wffs; as a corollary, .of cilu~, R ts arttbmettcally compltln"fdr tFDL 
too. In the sequel then, A. ls arty ,rithmetica1 uni~, and we adopt the same 
conv,enti~s .regatd•ng form\i1ae ;With 'appeat..,.m1 otit~ m,.!1\l'~fiil :;31 AlsO~ ·the 
"achteve" prog~am corra~.;..g to the. L~d~l'(n,t,'ff ;.111 ~.~Sy ,( n)Z. . 

Consider now the rotfstwtng ~xie>ffl 11stem R for .CF'DI. 
~ , ' i ' ... ~ ' -,,- '• ,; ' .... ,, )\• . ~ ::; ' ', ", 

Axtoms: 
' t': 

( A) -( F) from P, 

(K) CPZJQ = ('(~")(P(Z,Z") => ~·) . , . }!>!'. J,7~s~<P.andQ; . . . 
(L) (P => Ct:*(j)lQ) => ((PAil) :> C'C*{J)l{QAl))' .. whei-e' fldr(l)Otlar('t'):ff, 

lnf~rtnct Rules: 
(C) and (H) from P, 
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(M) Z'•Z ;:;J t~A")"~~~l. 
- ',"··~; . . 

l:=Z :> Ct'*<J)ll!f.I' .J.1 ... ~ ; .,~r·- ·~-. . · ... i · .. · .. , 

00 · . P(,..tJ.~).;? '~;~J~'"f'~t~,1'M'~J,,>fifdiWt~ p . 
4 

--- ·t - 'L _* :.._+t- H~\' K,Ui·:i,~!ffl 4-~ -~ ~¥· 1.- ·-~i-;y-'..:·tJf.~f'\1r".f··~~1l1~--,·~~-;·(':: ~~O':H; ·01 ~,_. ·q 1 ~ :" , : . :, ·. - .,- . 
P(a,7;,Z-) :; <~>Z.Z' .: , t·h· . -i; 1.1;".1,t,•l~Jd ,,,::,"!fl')• 

Provabtlt-,;in 'R ts1d..._. u .... Jf_.,.,....,Jl ... ,r_.J.flk~.~~5tc.~ . . , 
•carryt1tg• R acrou a ,..., .... ,.,.... dtllt Plolt• c..-1•.~tlli ..... O.F l. We now 
establish the saund,... fJI tilt lddlllaltf*i ta11Pl-,J ... _.,_.@!~: .r ,~ . . . .. 

u .. wi 4.'1: for any L-wff• T anct P(Z,z'l, CroL•i~-)~~ ... .rm·c(X), the 
followlfll are vaticl · ··· . · · · 

(1') :£~1t·,.VZ')(ft~"3.1):·;J ~),· '· .,. ·;·: · :•:, ·, _, i: .• , •.. , : .. ~" 
(2) ('S ·:> Ct>*'f>JQJ.-=-·~~SAI) ~~lCQAIU.,._ -~~-}~t:)-.1 

-,-~ 

#':roof: S~raightforwa!'d ,.._ tM'.,....._ · I 
... _; --~; ~:·t-~-,~:<l""- '.\~;; :~s~~-[~~~.("·~~t'} ~.:_ ... ·-~- , .. -:i~· .• , ~,. 

U.UU 4.8: For a11y Ullt"9fJ.\J~~~-.. n""";~~.Jf 
.. u<~t:i ;:>[~r~,,~~1;, ~ .. ·~~=ri~~,.~- · \ ',: . 

'. 
PrOfJf: lyf.helir_.';4*0.•hiflltljl~:t .... ~.--~ll•.'•·:· .'·r.·"" 

principle (l.Mnma·4.S) we ..... .,.(~•(JU•-VlrtiLHtt t• ••111Jtr1lnlllf0t~~U.11•:···· 
prectselythC~Noft. '~ I ''M' .... ·· · .. , 

. ,, .. :,:'•' .· ,· 
!' ~ ~.. -~ \. 
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Tlreortm 4.1() (A-soundness of R):. for •ny Cf'OL ... wff ~' .tf fR P then Is AP~ 

Proof: .Follows from Theorem 3~6 and Lemmas t'I, 4.8 iftd··~.t:; \I: 
. . . \ . . . ... • 

Again ·we ,m, q>pl.y Theorem 31 to prove· Drear~-~ of R, but 
~.are· ~utr~ first to PfOff the approprtace a.- arrtDllt_.._.._.._ •. ~ 
These will btf ei•&ildd!d With the &kl of: . . . ,, > • 

( M') Z'=Z => Ct:( 1JZHP(Z' ,Z) · R~ 

1=-C~(j)lQ 

(N') P(n..,1,Z,Z') ::> <t:(P(n)z)>Z=Z' ' ...,(t)~.Z")' ' •~la<Pfn)~ 

<' '' ·~· :-~•; ·,. '·~ ;:f' -.: ; 

Proof: ( M'): A~u~ t-R(Z'=Z => Ct:( pZ)lp(~' ~) '~ We .,,.. ( M) to ebtain 

t-R(Z'=Z => C~J)~Z',~J. -~n~.!b~-~.,_ .. ,~:~ , "' .· 
(VZ")(P(Z',Z)~ H => C~*(j)l(P(Z'~Zl J;; (~(Pf~~l")~)')")), from 

which ~ Cled~.ff(l¥'C'<t(f"C7t,:"Z"~);;:p ~·t l"~ -i•i• {I) 
and:the-;·sl!eend ~1..,.collrldinQri 1r.... · · 
( N') : Simttar to (M'). • 

Note the'Stmltartty IM!!twec• rvles1,:l')~·~l~.rr~f."(~· ... AP&Dd, amt (M') 
and (N') on the other. JAer.e,too,·for·~~~~ ~~.-~r~_/.Qr,what 
we might call an "invariant" P under the application. of t:,1~~,~~~ A-~ .()' tn 
the sense of R:>£PZJQ. For the <t:*(/)> case we are .. ~ti ~:~·.,f~ 
of.·~~ler· .... ,~leto··~iA:----·~g .. 

We now,11<Jew that.l'Ule (,.M') ~an tn{leed always beapptilcl ~·tl$'~1uu0n ls.A-¥aUd. · 
· ., ,_ ' ,'· - " . - - .::;,·:_,,·:·i~1A ,\ ~ .~·-~ "''?" : c< ~ 

L~mma 4.12 (Invariance l:emma for. CM>L1: Toi"6f.fY Wm~(~} amt·Cf'Dt' ... lfffs« anc1· Q, if 
t= A ( R :>Ct:*(/) lQ) then there exists an L-wff P(Z,Z') wtth z._,( t:), such .that 

li=A(R=>CPZJQ) and l=A(Z'::Z :J C~{pZ)JP(Z',Z)). 
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Proof: Jn;ipUed -by the b w•y Theo~ 4J is provAl!d ~ ~ (~ f11.~ JIJ.~~.f1C~MI !l first. 
orde~form~la_.or ar,IJ,tunetk P(Z,7}),:·wf*h "repl'flMftll" lh~,~Ml' ~~(/)7.1' ~.~se th-1 
m(P ~)=m(~*(/)). C...Wv.ta..,J>Y:*" _.._t..,2;W,111:Alf.¥J.AiJ::>CP ,i;JQ).... A~• 

noted in the p'roof'Of Lemma 4.6, m( ~(~*f.f)))MC fSf/11 ,·'aM;ilf 'we' fit'tt M( t'('PZn t;mf pZ), . 
which by Theor_em 4.3(1) iS lt4(Z'~Z' =>'t~rZJlrlz,',~))·~· >~ . .· . . · ' 

Tlaeortm 4.IJ (Box-completeness Theorem for Cf'DL): FMntfy clECF' and L-wfts'k and 0, If 

"A (R:ll:.JQ) t~. "'R(R:;,[~~l. . . 

Proof: The proof follows Theorem 3.9 preclsely,_but UMS IAnWn. 4J'2 and rule (M') 
instead of Lemma 3.8 amt $te'(r). . . ,·.·w,·~ '··' . ..~ .. ~ . 

Lemma 4.14 ( COnvergence Lemma for erOL}: For "*Y term ltf~l· and CrDL-wffs I· Uld Q, tf 
I= A ( R=><~t»Q)·t~·t&eft fxfttl·an·L~it(n;Z';!-)1 sudt'Bt~ 

.. A ( P(n+l,Z,Z') =), ,<,;(P(n)z)>Z=Z'.>, ~A .,p(O;Z..z'), ... ~.(l?.ln~P(n}z>Q). 

Proof: Apln, .by the~·--~ tn ~e PrOPf 'of~ .• ~~it~ere ex .. .., L .. wfr .; 
P( n,Z,Z'). representiftl ~~"(f«lu?) •I the,.,_ .._.for..--~~ have 
m(.P(n)Z>=mci:"<fal•!>to. ft ts easy·tb .ee~-..·alUttt•.lA+t•_.•; · 
holdforP. I '· ·" 

Tlaeortm 4.1' (Diamond-completeness Theorem for Cf'DL): For every aECF' and L-wff• I and 
Q, If ts A ( R=><•>Q) then .... R(R:><a>Q). , ' 

Proof: ·Predsely as Theorem 3J1, but ustng·Lemma 4.M•d rule (N')lnltftd·of Lemma 
3.10 anct rule ( J~). I· , · . ·. 

Here too we conclude that for CF'DL-wrrs, A-validity ·11m1 provejltty tn.R are 
equivalent concepts: 

T IJ.eornt 4.1' ( Arithmetkial ~ ..... wt ~ for Cf'Ol.),~ For every. Cf'~~wff P, 
. ts,_ P JU ~R P. 

Proof: One direction is Theorem 4.10, and the other follows from Theorems 3.1, 4.1, 
4.13 and 4.15. I · 
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We remark that the t.rJ part of R, in parttcutar:the derlv«I rule (lt), conveys 
the essmt1a1 ideas Bppeatlflgtn·'~ axtom ·s~ urtttl 91(1 n3'J!f'bt''P'rtnmgthe 
,patttat totr«'aiteu of ~itw fft'OCi"M"'' · w..-.e·l-JUttt• i*lits"lMt ~ f:efttral 

·, ~ itit·'tlfese •~ii.t••.{ reftNd. tc, ffl CUl :•..._.,~:flt:~ yanables" 
method) is in fact a re,ht:asM of 1>at'a rsn.~_. .... ··-··ical framework. 
Rute (NJ ror <~*<J)> ts v«Y stmtlar 10 th4! rutetn Ual'ror,to~i.cti.e'tota{&,.rednesl 
pf d~tstk recurliv~ ~ams. 

The results in this section indicate that reUonlnf ·abotit '"pure" n!alrsion Is 
analogous .to that of. reasonmg: about regufar ones. .... we are ustn,g ~ .... rs to ·. 

~!::~~~:.:.::.: ~"::~~:\!'~:=~ 
•.fe&l.cijffieuttJ~tlt;s ... ,$n ._.,..._,""~"' ~J;• ~11e 
programs. In Chapter 7, ~. 1 re111e11•~.,~1U.~ ....... "'~ ~ary. 

. . 

An tnrertsttng remart, 'wt.ich #.! do Abt~ -. WOt Jmtff'Y farttter 'here, Is 
the fact that the proof method for formulae of the form l:JCalQ Which ts incorporated Into 
R bofls· doWti rt7 floyef~t\ff tnfhirttw ass"'* iafMttll • ••1.s .nt·)f#~sfiSj 
subgoal t11dw:tton ~ ~.,, . ....._ Alfl..,,,..,,.,.,.~ttll•Med<MatT«dratve 

ones via the two methelk~.,..*'l~ttt,--..A.L: ~-....,..~ ...een-. 
two methods shows up nicely u stemming from tw«-.t ways. or •tewtni ... 

4.4 Mutual Recursion. 

In this nction w bt"lefly indkate how to:oe..- tht u ...... 1q11 Of S.ton 
4.3 to the case where the programs can be. MUtuallf't«•r.dw. Speciftcatly,. we ~Md!er ·· 
the programming tanguage·MCf (giving rise to the lcJCtc'.MCrDLl, which ts the set or all 

stmple ~lolfid ~ t.tt •. :F • u;o T 1 <· • 

. We do not provid~ here a precise definition of rn(1&iX1-Xn(~1,-,1:n)), 
wt•' rllfher-·aSlfMR that tfte ~er fl ,.,..., .... tM ..... ,..,. ...... ef'lt' (d. [3] 

or C26l) as the i'th component of the llCSt solutian (I ~ .,- ofir.,a1ona1 equations 

------ ----------- - -- ---·---- ·----·-·~---------·-------------
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where the ordering on the binary .r'1attons. Is that of llt tncluston. 

The axltim system Mlf.,for MCrDL· Is~~-~ to ~- Axiom ( L) Is 
rephrased for a general l'-term as . , 

( L') ( P~C,ajX1~Xn(~1,_,1:1),)J9) =>_((P.1\10 =>, C,.t~i~q~~l~-;~,.~l(Ql\R) ~' 
,. ' ' • ' . • " . • j • > • ' - ~ ' •• ' •• -, • ,• ' • - ·• 

Denote by /J. l i,a) the program 
•. ' ' ~ J>' • 

"jXl-Xi-lXi+l-Xn ( 1:1 ( X1 •-•Xi-l '•'Xi+l•-•~n) ,..,a,_,1:n(X1 •-111-1•«,Xt+l •""'•X~.l>' 

p.j(i,a) is the program ,.~1-X,.(~1-,~~) In wJwch U..·t'tN~~'hM;beefl 
replaced by the program a; w~ a "calt' ts,.. to tMa ,...Sure, in whk:~ cue -c1 ' ·• . ~-:r-."• ". ' b.,,,' -, «. ". '. "'. ·:',"~ •1;;1;-, -.'4·",' -. ,'- · ·LO'.'C1, 0 (il•~ ~. "i' . ,.{. :· 

is to be executed, e''fs exetutecfiriSteac:t · · · ·· · · ·· · · ·" · ·· ' · · · ·. 

The rules for the recursive constructs are 

: '.i,. 



',:' 

(N') 

P( n+l,7.,7.') :J <T1<111C i,P( n)z) , _ _,.1 _1(i,P(ll)~;P(itl+J.;1~••>zl,-"'1t(l,P(n)z))>ZaZ' , 
-.P(O,Z,r) .... 

c_ l ) ' - : ~1t1.~ 

where Z=arcir('£1u...ucn) ad nl M'('ElU...UCn). 

It should lM ~ th'lt dte ~~of bodt.*-~ ........ ~el leu 

complexity titan ~r ---•••i the...,•---·~:r~ ,...!"9'; ... r~·. 
involve "at mett• ~In Tn-1· . ' ~ . · 

One can now show tM fdD..,, by a detallild -~t • ........ to t...l t••ld 
in SettiOR• •J .. 4), :• . . .. -, i . ? ,. 

TM«•"' 4,Ji:. ,f'._j.._~~·P,. ,,l,t'A I :·,lfl ~-,'.·. ·· 1;1 ,. 

:~· ~ .:· .. ,J~.:·'i·"} ": 'i •0 :- J. ~:r.".t~i~f~'""V! ,,"_~ ;·:!<:'.'.:}£. 

We remark that rule ( W) ••"*• fella• aur tdwh~··J!f,:lfl~"" "'8 .. ~~I .. 
correcmea of recvrat¥e ,........._ · · 
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PA.BT II: Computation-Tree Baaed Lopos. 

&. Computation Trees, . . . 
. Total'OorrMtnemi and W~ •"°°8dltJoaaa. 

·. . . ' - ~ J ·-._ .. - . ,·) ·~_'. -, . , < ... ·, c 

Up to .this potnt we h•ve been devejopt~ mat~~~~t,-.~, 1'ame1Y the variqus 
dynamic lQgics, which epabled. us t9 wrtie:aow.. and·pro.e ~ 'rormulae whkh made 

. assertions about progra~ In Section 2l 1ff commen~ .0 t .. ~tml'.tfllK .M , ·· · ·: · · · · ,, .... .., . ,, ... ····n i' ·•.• . ... . .· . . . , . 

conventional properties of pl'Olf'ams whkh havetni.ttti•elY .,._.ble meantnp~ h~ to 
be expressible as simple .formulae of dynamlc: 1oJic.. 

In this .~hapter we show th_Jt an i~-.n~n~~-or.a.,,~ram, namely its so .. 
called "total correctness"' d_oes not, ~~ve a str~~_)n~~!;4':~Jl'lt "'d ;~~·t 
its de~inition requires careful analyst• Of the noti9P or~-~ .• . PfOlt ... ln'fact, 
the definition of the total corr«tness of a Pf'Gll'a4.~s up0n - partiQllar methqd of' 

' execution one has in mind. Consequent,ly, .it a: .. at .. , clear • "'"'' whether this 
property of a program can be expressed tn dyn •. lllac. ''.An upshot ts ,t.._. fact that •he 

closely related notion of tM ~list tr1ttmtllt~ ( .,) of ~.~,,·~~. ~~ 
by Dijkstra in nJ'.l and used extensively in the ..,.,.; has Rot .... Yed a pi-aper ' 

definition in Clll or in Cl4l. The objective of' this chapter ts to.clarify, and to preclll!lly 
define, both of these concepts. 

In Section S.1 we motivate and introduce the Qroblem. Section S.2 contains a 
refinement of the binary r~latJoo semantics· for ou,r ~·· iallJUage ~C, uslnJ 
compf',tatton trtts, and giving.rise to t"e two i~ ~.'~ ~iO,,flng'&nd . 
failing. In Section S.3 we in,roduce four plauslbte met~J9(~ec-.nng ·. 
nondetermin istlc progr1.nts, ·by. describ4'1C four methOcl.J JQ.- ti~v~4ng ~~ation trees 

' ; ' ~ ' - ~' . /",); . ' ' .,· :J . . .. ; ..... ; ' ' . . ~ ,_ ' . >. • '. 

in search of a final sta,te. T~· ·tot~ ''""'""S ~.a ~~~ is tb-. "tlefi9~ '~·being 
dependent upon these.methods. In Sm,ton S.4·we,.w.!.J~.~ to define the ,. • . . i . 

corresponding weakest preconditiori which sim0ar!f ~~·u~ ~~t~on: ~~9C1s; arJd. tO 
analyze each of the four resu.lting ~tls_ ·~to-~~~~ satfi(f'it~' er~~ requif'ed 
of Dijkstra's wp inU4~. '!/e find tha(tWQ ~t)~ ~~-,--~, ~~~~·s.s,, ~e de(t!'~ 
the guardtd commands larigUage intFOduced ln t13], and carry Out a formal analysts airMd ai 
showing that Dijkstra reall)' had in mind OM ~arttcu"1'.~ qt '!fl'• w,h~., ~~s 
only to one of our four exec~tion methods,, nalneJy dtpd,1#nt~·ar~ .•J~hou~_backtrKkl~ 

- • - > ~ .- • ~ • - ' ' • .. • 
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15.1 Motivation. 

Let us look at two examples. 

(1) It is easy tp see tha,t any DL-~ff P(a) tnvoty~.~~-~"Vari,\>le41 has the 
property that PCI> ts equivalent to'1'(,.) tn....., .-.; ... f'tl taken·· to be (x4'1!) 

::: !,:z·::~(:O~te(:~r1~~e!!Z.-~1';~~~,~t we would 
' • · , - · .~'. .-.-_:-. ·1~·· ., _ .. ·~, •· ~,· .... :,?t ,;~ ·~., -~"..: :~--·4~{'<:,-• ., , -~ » •". c· .. \- _ 

components of tM u ~iv~._.. ex8atting' u;.~ tr't~ ~11 h~ppem .to be 
chosen this "execution" will net terminate. · · · ' · · · · · . 

We weuld Uk' to refer to tbe phenomefton tllustnled by a ...... tl) as afa"ur1 

and to that ~u~,·~~ bV ( 2) .as ~· ""11rru. 

lntJJitivety~ a failure indicates reaching a false test with no immediate 
alternative at haftd. In ex~ (0 abc>ff, :_. Older';to.MJ ··ttle·abmative x+-e wheti 
the false test is readied the ~at 'P"'e' 'fmist .- -'~CfflVs fhi· akemattft 
entails sbMe H&tttaclln, ancfi~·theref•e•· mmdilef~~.i--~~ Is a 

failure. · H6wev~~1 tlte tf P ~• .. ~If I ~\'Cf~~'~.~ ·~.:~;J1 ·(.~ SeCtton 
2.3.4), ~houki mJt contain a fitlt.ire' ~·-or···~~ ~·--~rue·Wheneftt the 

. ,' ,_• - • ·1. . '· .~ .. ;;r-.· ~~-- ,· ·_ .. ~1- ; :';'_ ~y·· . ..,,.,.,._, .··t·~· .. ·~·.--: . . 1,,-, 

corutr.uct is reached; here there ls an ~'atterqttve 1t'...-a:" A .dlffi:eaa ts 

=.~:t~;=:·~-;.;~::~=~:1:L,t: 
. ' .. ---~: f; ,,, : '-, ,. · 1~ 

WhJt we are int~ated In deftntnc, ll I ~ ,.._, at tta totcl correctn1ss 
of a program a, wtth rftpict tO ~ If~ Q,"~ ~-:iltiJ2llo~elftltat whenever R ts 
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true, then "no matter how a is exect.tted" (i.e. "no matter .how choices are made") it is 

the case that a wilt indeed terminate in a state satilfytng Q;· .lt might seem plaus!ble at 
this point that we would want thts definition to be Stldt·that a-,. C1r1, "1lt I' and 
-r' are not, totally correct with resp«t to true and tnu• .. i1t .otftei'. ~s, It mtght 

. , . 
seem that the possibility of either divefling or fat~reMler a program not 
totally correct. We will see in Section SJ that thil ilW. thl~- In °fact, we wt11 
show that the four possibUtties obtained. by havtnr the ,......,. of a dtverpnce I failure 
affect/not1ffect.tM;Mat~;Of'&,fffort*"*l•..Plfii~.u,,_, ···· 
different ITl'lthockVf -~ :ef·~nrdl'thdfPHtraho·~:, ~· · 

We now set up the technical machinery we need. 

In this section we lntrocftke the nottOlf etf';itht l'~l.oft IT# 'of a procram cl, 
denoted by ~t(a;3). 'f/e:l>...-.. .._. prOpertlel:·Ot ~ t• and1'tn ... ~ .. ". 
show that one mftht''YW'mmpWltadort ti'Ws .... ·~•lltM'fi\Mt«ics .tor • • bf 
regu1ar programs RC, consistent with the binary relatm semllflU?.. The t~ however,~ . 
addition to the input-output Information, contatnwnkh~1~MP·"1ti.np~.ittwYCOMaid,;' 
·information regarding the presence or absence of ~i~~ ancJ rat~res. 

- t ·: ~,. ~ ' '·. > • • 

Each node of ct(a,3) wm be 1abe1ed With a state in r or with ·the synlbol F 
(denoting failure), and will be of outdegree at mast~!. 'The·rtdift ltbeled with 3 and 
nodes labe1ed With r wiH always be leaves. The tntuttton is that a path from the root 
represents a tegat<ompOtft'lOft 'of'-O;st~ng in ._,J:·;~~W/i h!af·tep1eierits·a 
termination state if it is·~ with a state in r, or •Jailu~ if it la~~ with 

r. Any node With d~'*'*'tepreSel'tts an ~~---hr-~ rr.a:t.6de·1taf two 
descendants then there ts, so to spell; .: chotce la lb ~-·t6 •continue execution" •. 

A node wm be· repreenrm· by a p~tr (t,I), '-'*' t. is a finite string OYet- f0,1) 
describing the 1ocation of the node· in. the tree by 0 dtnOtlne ~. ~· and 1 "JC!. rtpt•, . 
and I (the labe1 of the node) is either a state Ir( r .r·iM's"'*°' f. Thus, for . .. . '. 
examp1e, the tree 

,-_,-z 
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is r4'PreHnteGI • {lA.JJ,io~"J.1.ll,,(10,f~.W.J•tJ. A.~•:...-.l,;·lh.e.empty 
string, marks the root of the tree. lr:_.41ftti•, -..-.ll•ii.a.._ilo,... u 
"going left", i.e. by o. 

In order to define ct{a,J) we first define a preltmtnary tree ,a(a,3) in which 
ftllr1 false test w6H be iftdkated· by a ,.....,.. nade. ct(a,J} will dlen be obtained from 
;ct(a,J) by deletiftl ~fatlltfe...., ,..,..._ . ..,..~,..,.,._._.,....,._~altemMtve. 

. formally,. for an.)' Jtr· and otlC) ,..;def*-.. tw .. .._.'.°" ~.~re or a, 
the preUm~a,ry ~-- tnee.~t(~J)."tct.tte;.,._,_ ~"'-U' u (fJ),,as 
follows, wJw• • IU4t L•~fUP:._ (I' IJ (fl)., •· t.t,...All._,...,, {l,,lJ": 

(1) pu{x~J) = {(A,Jl,(O,Ce3/~lJl}., 

\ 

{( >.,.1)} if .11tP 
( 2) pctf;P?,J) = 

,,.,.,,) } if ,na.,p, 

< 3) f'Ct(ouf.J;') = to~,.t>} u {(Pt,1)1 (!J)tJrc1hs,J~.l'-hltltJU.b,l)EJa(6,.1>), 

(4) Let E = {(t,$Jtf1tt<•,llli¢·A (V~{<tJ.}llJl~,l(Jb,Otld(•,JU}, 
and. let c = ld!•.J>;-~ .,... •' ·: 

i"'<•n/l,ll = cu {{ts.,01 <JalUt,llfJ:.A (s,l)~~lJ~ 

(S) flct(a*,l» = J¥tHtrru? u •ia*),,l). · 

Note that dause (S) might give rise to an infinite tree. 

Now obtain et(a,J) from l'Ct(a,J) by.deleting some oft ... failure nodes as follows: for 
any tt{0,1}* and 3t-r, replace every patr ift.fJet(c,.f.} of the form (tO,f), (tl,1) by 
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(tt,i>, and of the form (tl,f), (tO,$) by (tO,$). Th•• ~tpf;n'ing false tes&J wh¥:Ji 
occur as a component of the u qperator, when the other componeftt is not a f abe test. 

Examp11s: We describe by means of simple diagrams, IClfM ~ation trees for varloUs & 

In each case, whenever they •~not identka11 we ct~~ ~,,....mtnary tree /Jd(•,l) 
and the final tree c:t(a,J). In all the et.,.._ 3 is - nxer..- of the arithmetical 
universe N, for which x3=0,.a;Kt In the dllgl'ams we let~~the state Ct/xlJ. 

Cl a<.,.n 

x=O'! 

x=l? 

x=O?;x+-x+l u x<2?;xt-x+2 

x•O?;x+-x+l u x9'0?;x+-x+2 

x=O? u ( x=O? u x=O?) 
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x~x+l ;( x=O? u ( x~x+l ;x=l?)) 

( x~x+l)* 

( x<2? ;x~x+l) * 



•j<", 

( x<2?-.+-x+l) * ;x=2? 

: ; ~., .. ~ f' • < 

· T~,-~tae ~-'M•M"'";~Jhef ..._ •. .r~•,IJaMtt~P ~ '•H-"I 
and 'Niall~ ':'.4' 11-(w Secttllrt 2.M)~,,.,_.~~(•.-..., -...., .. JlllMY•t.GllO 
inside I orvy,. ._. ,_,_ ·-: ;c -: ··z::v: , .,, . ,, · 

Lnl'fl4 ~:J;, ftJr eVet}.'L~ac) )f(JNIF)~ -.... i'*f,,., :; ~·".·;·,' · 
(1) there is a untque·nocle <Mt~~~~-~~l#J'H{T)), __ . .. 
(2) for every tff0,1)* t"8re bat malt GM nc.se fa-d<•J) of tt.e form (t,I), 
(3) for every ~0,1)* Md M(0,1}, lf ht>,l)fdf«,I-), then. h,j),~•,ll fol\ 

some jEr. 

Preof: Omitted. I 

We now show that computation trees~ the bM*f~i.-.lnttcs of Chapter 2. 

Tlaeor1m ,.2: For any ~RC, ( J ,$)Em( a) lff et{•~.f) hu a a.ttt1'e1ed with j. 
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For an assignment, we·nave J(x.,.) = (Ce3/xlJ} •.t(x.,...J). Far ~.test., tf' JIF--P 

then .1(P?) =' = s(P?,3), Md tf .1M' then .f(Pf) = {.7} s sf'1,~ .• 
. ; . 

Assume Ja = s(a,J) and J1J = s(IJ,.1). Certain1y t1- by definition of 
/'Ct(au/J,J) we have s(alJl.,.Jl :1 fl• u JtJ) = 1(.,,,). ~a;J, note that in fact 
E={(t,$)1 $fs(a,$):). ~tty, one can sarthat. fife~)= 
(Ul~s(a,3) h<ll,I) = (U~tfal>I• = (l't (Jf)(J4f.I\ -:) =·J(a;IJ} .. 

Similarly, one can show tf~·~ s(ti*,,J) =U:=05<•~~J).is u:=0j(•n) = J(a*). I 

It is therefore the c~btkat, With .1 rangiQ}.~«J'J, the leafs of ct(.*,J') which 
are labeled with states conWJy the tnput-outpUt . ...,.........,. centdMd in the binary 

relation mt•h ,.. tmtt~~ifrill1NMdti't~•1¥•·--WR>ffi tf(tt,1'· of at 
least 8t'fe·telf Nbtltdt 1'Wldt ;i _. "'*"".......,•:· ...... s ~ Herti tftat P · 
holds in any state which labels·a leaf tn tt(a,J). llewreter, et(•,.l> contains mOch'mote ·.ff 
information than is contained m m{a). In parttcutar we now cldtne, for every·program 
afRC, two Boolean con1tants /eofl. and~ i 'tH•••tM 1W~t~ .._,...or. ·.' .·; . ,... . .·· . . ' ' 
being true in state 3 tit 1h:•· ~'er ytllf~•-· ' ' ~· ·: ' ·· '· · · · · · 
r ormally, We define 

Jt&loop
8 

Jf=Jatl• 

., .. . ~:~=-. .. . _:-, "J :1 ,. > 

iff ct( •,J) ts tnfintte-, ., 
jff ct( •,1) has a node·~ with r. 

Hence the t~rm "diftrgence". 

An interesting .prw~ ts tf)at of .detel'nMntnc .. .._. har,cl ,tt ts ~ .. d~lde if a 
program diverges for "untnt;r•.~·· r~ ,, . ' . ' ··. 

> 

Open Problem: What is th~ degree of~·~ of,~ Jet ctf yalid fersttulae of the 
form P:3/oo'/J

8
, wt.ere P ii an L-wff? 
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We now prove some·pnlpeltlel<Ofrlot'• ud/d •. 11141kb.WtlW l'M!ill!dat·tn 
Section ~.4. However, the main logical treatment of dMle ~ wtU be given 1.n 
Chapters 6 and 7. '.'• . 

(1) toop•;IJ • (loop• v <•>loofla>, · 
(2) fail•;fJ :::> (foll. v <•>/4ll,), 
( 3) fail. ;J fall •• ,, . . 

(4) C•'.Jlals1 . => V~. v loop,.). 

Proo[:. (1): ~ssuming ~oo,t._t6, conSider an ~fb.1~,P,~h ir,,rft·the ~ tn, . 
ct(a;IJ,3). It is easy to see that either that whole ~,,~J'M~•,ll, ~a 
finite initial segment of it does, 11.ftd the rest (i.e. an lnflntte path). appears In 

ct(/J,$) for'°"" $~(.f•l; ~·~t~:W~,1,~ tp'.,..:'f!.,,J) or in 
ct<ll,l>ro~ someJ~<.1•>, ~m ~~an,~~' !'r.~~·~11>~. .. . .. · 

(2): ~er a failure in ct(a;1;1i, ancf'~.'that Jtl~. and . . · 
lta-failll for ~ery$f(Ja). 'The r-rlocit'"' a(a;il,1) ~)~,~t(&Jl!1>, an~ 
also in either Jlct(IJ,.1) or tn ptt(I,$) for same $E(Ja). Howns, for It to have been 
~eleted in the proc:ft$ of CQP~ ~(a.Jl or aCIJ).,i• .... ~ ...... '~ ,lwtc). 
In a subtne of the form ~ . . . . 

This subtree appears also in !Jct(•;/J,3), and the F-node would have had to be deleted 
from it too. 

The proofs of (3) a~ (4) follow similar reuonillf, lrJd are amated~ I 
' ' ' ' - • ·"> ·. 

Note that a counter example to the other direction ol Lemma SJ(2) is obtained by 
taking a to t;,e ( trau? u xt-1) and /J to be x=l?, · W"4111 x l"°' .,..,~•~• ·( 3 ,J)Em(•) ~d 
3t:fat~~' but 3~-fti#Ja;ft · .. 

1
• • 
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In this section we define four algOrithms for traverstnf the 3-computatiQn tree 
ct(a,J) of a program atRC in search .of a final state; Le. a leaf of ct(a,.f) of the 
form ( t,3) for some $Er. The algorith•.ut.,_r.._._. ~~~·we fileftmr the 
notion of total corr1ttntss of a prGll'am • wttlt respm co tftpat-.cput conditions R and 
Q as being dependent upon the medtGdt. 

We use informal terms for describing out algorithms: 

Dtpth Starch ( 0): Starting from the root of t(•,J) pfGCeed down the tree by moving 
from father to son. Whenever a node with two IGl'll ta reached ..., of them ts c~ 
nondeterministically and traversai COfttimles an ... •c~ ,-•• il~-~'when;. 9'af ls 
reached; its 1iiber Is ta\tn ~ rW rt.ult. · ., ' ·. ·:•' ' ·· ··· 

Note that if Jt-loop
11 

holds then, ustng methtJct tf>l,;.it ii11gtat ~ Che case that the 
: i .". .4<tft~~ f~.'·~·~,··:··,_.- _,':f '<" :. ,·,'."· . 

partkular sequence of chokes madt ilin( the .. , will resutt m' tht traverlal proceeding 

along an infinite path .< diverpm:e,¢' a),~ ~ ~~ ~~· .. ~~·)f Jfa/olla 
holds, then th,_t seqUftite might mult Jn the tra~ ~Ytnfr&' a failure leaf ,and 
thus producing r as the resutt. 

.·,. 

DtfJtla Staid fllttA Jaeltradtttg {OT): As In (t>l! the .cUff'treflce being tltat if a leaf 
labeled r is reached the procedure backtracks .to the mG!lf:tecent chOl~e pOint and tries 
the alternative. Ir that has already been tried it ~-the next recent one 
and so on. Ir the tree is exhausted this way ex~~ ~tth f as the 
result. 

Note that here too, 3t=loop
11 

implies that the travena1 mieht continue for ever along a 

divergence. However; t~.,x,istence ~,at ~.~.~:-F ~, (~k.h g{! be ltlM~ed by ,, 
Jt=<a>true) guarantees that even if j~/clla ·holds ttte'tta¥enal Wilt not'enct wtth F .S ' 
the result. 

Brtadtlt $1arcla ( B): A nonnegative integer It is c:hosen nondetermtnistt~Jy. Startttag 
from the root the procedure moves down t'he tree from flltter to sotr_. -WMr.ever a nade 
with two sons ts encountered track is kept of beth altematlYea. by working tn para11eL 
When any leaf ts encountered its ·label ts added to an initially entpty set ltES. When 

· depth k of the tree is reached, or when the tree Ital bleft exhausted, RES ls checked 
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for ~tiness. If RESfl!,_ the tr;av•_.. ~;~.-.. ~qffJt~S ·u c"°"'1 

nondeter~~-'~ ~.~Af :~ ~*~\~,,.~~ ~hauf«I 
another ~r k'>k,.-is--<;~~ft'&Rl,gc_ .. ;~«~~W~~'* u 
abov.r. ·Ot~wt~-~a..;~~ ~---·{.,~,....-,.._. •~ 

• . ' ' , .• ·~ -, ' • : l t,:; .. ~ . ' ' . ' 

(Remark: the naedl~~ Qf ~uclnl--•c~: ... M'·J4rll'l.ei,~:~~...,.J:i'1 ~.,to._·. 
render eac:IJ "af ,a~~·~ ol ~ ~ii4i"" ~Ar~t~-~~. 
would fav°"r -. ...... )eaw.} . · · .... 

Note that here tf,~l=/~.-JM>~,.._,tbef • !-(l'Pfl{Uti~-t~~ ~~~~a 
conseqQetteeofa~~-k·afl4~~s!llif'J\MltW..,~,.~ •• Jt,fat,. 
one leaf-(F or·_,_) il#'*'~ .... -... _tf ~-... -f!t~~e,,tl, 
guaranteed to terminate eventually ~IAIM IES wt1f beconli<ftlRl..,W .c,_. .. ..,.. " 

Brtadtlt Stare/a wUA lporlnf (BC): As in (I), the dtff.._t ...... !lhal V a_F......, Al. 
encountered the symbol f is not added to the set ID. .. 

Note that here, if at least one non-F leaf is pr.ent, nett~ ·on the truth of "'°"• 
in state 1 result- in the pNtedele·net ....... , ftiW • iw-....... of/tlll'd, tn, J .result 

in the procedure produc"'C:J -as tu·>,... 

We remark here that..d.w feut_.....,. . ....., I• tWtQP ._ '~i..:,~~h 
. Qne can think of other methods, such u "Wt-first 'ieard.", Ill which the left. branch 11 
·always trMcl fi~ We feel,,,._,.., __ ._ dttrlwf'•·••=-•tll-~ tM~~ 
"fair" met~s ta which no-~ .lfOUP fl( ·lllJYM ._ .. _.,.,1-f•qttr~.crf"f,~ 

/ " '! . 'i_. 

We summarile the remarks that were m.Se after each methOcl was described u 
follows, where the entry 0 for a certain metf_tod Ulldtr """1-Jlff" (rap. fallard meartl -

that even Under the assumption lfl<•>tr1&1, the ,._.,......,-4...,. .~.~.,ads: 
can result in the procedure fatltng to produce a ftnal atate Jtr as tts resqlt: · 

D 0 
DT 0 
B 1 
BC 1 

0 
1 
0 
1 

,, •. ' ? ,'J! c~ 
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W:e noW take a clbse .... at the soutltt nefton 'Of Watcotred'1esso w~ Wotild like 
to define * to·~ tOf&IY cbt~ w•tft respea-'Qf ai·l ..... t.itttNetW afki;"' ·oatput •. · 
condition~· if;·1ntul't1vttty~ ·~ •riU!eu~'tw'itifif}a:cltlte·tifWfiklf'll'tS1rlie:wtft 
undoubtly result in thatexecUttOn temtfft ... 1rtil._;lft·Wfddi:~ti•tnte: ···Amtme that 
3 is a state such that J.fll holds. For • te be·temllY-. wtdt respect. to R and Q 
there ceMa~rity nftiat• .XUt:ia: .. 4;Qfli\. ~1k-· ~-'~·U'Jti('-ct)tttU 
holds. ru~..._,.~..,.;wi.ua.aft.WMl•,...'*•;iftw·U'fh«!'~·· 
procedures described al'Joye. Thu• we ""fUiteill ackl'ttm that eWIY•te· Wltft Which· such 
a leaf is hlbeled shoukl satttly,· Q; in other· WDfll• -. . .- .INaJQ co hold~ It is now 
quite evident':flilt in ordeffer a tfiv~; -..,.brie f#•ifaW frirll<Oc11;·to be· · · 
guarctttffd.•'tetntltctfl~itft.;:a; ftftat"tfitiW'ait'..,,...\ • MM-W~tliN::tftat c:t(10,j) 
be free of div«genteh'W f'lttllrWs;Wllfl4.,-)if:a ..... .,. lft:•ewt..-ltdt .. c:ohnnn 
for that ~:lttette 1ll1111.1111Ctlb11tr · ·; · :'.: ·"'' ' «)v~· 

... 

Definition: Civen a Qnivetse U. a P:fCJC.faM •f~. aAd r.._._ & ~ Q, we say that • Is 
• ~ J • .• :,. .· 

D-totau., awrwctwrt ft:3ftd·Q ; .tff ·. lfu·'•~~~'~-".--.1/\ ~~>·>. 
DT-totalry c~1«1 wrt I wt Q tff ~U (ll::. (UQ1w~a.Mls-•::""'i )), 
B-totall'J corr.ct wtt R atld Q tff tr;U (l => «•>,_A t•JQ I\ ytlll.,.)), 

BO;_~•'-IN1Wirf'A4aMl\fl'Wf flrU~~~ ..... ftlt!jtffd)it'L '. · · . )) • 
. . ·~···:,/'•• ~~ f~~~~'' ·,, · ... 

In the ne'Xt section W'v• thb-~ltlrlrf!t'1 ............. .ncept:df :tlwt 
weakeatprf.c~tif ......... rW.1•••·'*•'U1Jtllo1,.,.. • ..,_,..,_,s 
Cl3l notion of w;(•,P). · 

... ;: 

The notion of the weakest preconclition of a pJ'Clll'tm • with rapect to a post 
condition Q was introduced by DtJkstra (13] ... -.~,uQ}: '. · · 

.. ~.-;-'-''".>•~ .. ..,. .... ~'!/.:----- ---~ ,,,.,. ·~·~- ·-""~·----,~~ ..... 

(*) "We shaft use the notation .,,(•,Q) todtrtote the we6est @.rCtWadition for 

the initial state or the. sy:steM IUCh that adl•-.... ot •* .... 1U4rafl(ll!ed to. fea.d 
to a property termm.atq activity ln•tnr • .,_.. tq t fltala1tte aatlafylng 
the post condition Q." 
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Here "weakest" is in. the sense tl,lat •/1( a,Q). is to .be the a.rgest. 9't of states each of 
which has the property. that. "actlv_atien of .t•'1t~;rrolt)'tii" k~te •&.s gu·.:rante.t to - : ; :n . ·-, . : "' - ' :' . ,. . ·"I ·~;- (:"" "..;~ .. ,·:Jt ', ... ,. _: ' :; -
le~d to ·- etc. • · · ·· ,. · · · · · · 

Other th. an (. *)., t. her~'. i~>; ". o ... forrna .. , I,.~~~. of. '!.~···. ·~.·Q .. ) -~.· her in C.13 .. l ~ in. C141 
However,_ C14lcmtains eac!tftta~fbUr ~thil •Jt•~ iiUat slt&ryt' ·· .. 

• _· ~-·· .. - ",7_~--~~":•_··~;.;.·_ -~ ·,:· ,:;,·:.'::-::;~. ·'f.:·.'>::···~~.:r~·t ... · ··i~-i.~~ ,,. , 

Pl. I- (t11p{11Jalst) • /alst), · '·· ' · ,,,i 

P2. if l=(P:>Q) then l=J•IJ(a,P) => -~-.~)), 
P3. . 1ia ( w;(a,PAQ) 11 (wl'(tl',f}'"I\ ·1'tl(ll;f1Jf{ ·. ·' ' 
P4. (continuity): for any arithmetical universe A, if tsA(~":')(P(n)=>P(n+~)) 

then Is A h1/l(•,lnP(ftM •.tftbt~.__..,..,:11~· ·~in~ •rfa). · ·. 

Our plan ts.to prec,~ly define,t~e~~ ci('·~~'.~JQ!:~~;~~t u~ tft~'.-f~t : 
execuuon rnetttoas J>f Sedt0n r.a. lncf· • .eoctapt11*' 1'tlldt. W\flf' rout ~~nr #fs , · 
satisfy P1-P4. Wtfwill show that tho.st~1i1i1Mlilflf;litki wr,·~, HoW\'eli,'ln 
the next section we intr~uce Dijkstra's rurd"- __._,,(CC) pragrammtng.~anpap and 
show rhat','·..eJtrieting :o0~~101~~.rfts'1t!\ltfitiiitllitW.w..tr'rldttOW~ot '!/J whfi:fi' 
is consistent wtth the way in whtch CC is deftrtil'lt'181i'\liit ~to'~'· .... 
D, i.e. depth search with no. ~acktrackiflC. 1huJ, ...... ttMn· are fwr i~ 
notions ottt.e Wetlt~'pr~,;l ~t~dj'~,Wdia~~~·tj(j,/i(tt;Q) ··iMt. ·. 
Dijkstra had ln" mlnd' irtt19i . .., tm.'p••Ula"'.ii lie1M'~' o~· 51~-,.... 
by de ·Bakk~·ttl, ·Ntittr (•1tltil1--l,,:;a..,•1alter) 'Ms 
also indicated that one has to outlaw i.ch inflftlte tolllftttlilllU -~_...~ ... 
(failures) in order to captUre Dijkstra•s notion fJJ ,,,,_ 

Definition: Given. a universe U, a program .-EiC and a (otmula Q, .. the a11dUst /Jr~ 
of a with Mpeet'•·Q~fl Nmect~tot ...... ejOT'~ta~.rtlG,-.i~·f·rftlUtw•)<'. "· ·: 

-- ... ,' .~- -. • ". ,,. ~:' . . «. _,, {\ ":'-i,:.t"", : . ' '\ .. .,; > i • • '. .. ,. ~ 

.tuPf)(•,J}· .. c . · .. :(Wfr~.A~[41lQA,.,,.;,a~~,\~~ ',: · .. .. ·. , 

•11oT(.a,Jl ·:; ~<«>~·AtCaDQ·•·...,tit ·,, •~1 
wp8Ca,J) = {~a>t• l\"'90~ :· i" ;·· ~-..) •. · .. · 

tt/>jc<•,1> = (·<•~ .\ ra)fJ,' ·. · ,., .; ,, <~. '.;) •. ·..:, 
. . 

Certainly, by tlef.intt•, :gt••~••ea•!J,;_..J,~1>,;DT, Bancl:Mha 
program a ls X-tota~_,.,wn 1t1~ AM -~~U •. · .1 .. • ,. · , 
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Note that all of our. four wJls ,sat•dJ the. inform.a ..cripdoftJ*)' 1n; wtitch the word 
"activation" is now tnterp~ u •dvatal U1tft1 ....... :~X*. · fn Other words, 
we claim that 

Let us see which of our w/ls satisfy Dt,,._.~,,... .. P1-P4.. .... . .. , 

Ltmma '·":·.Pl-Pl hf>ld .f!>f 111~,,•'ep,,•~· ·~ 

Proof:. Pl: Stnte for anyJCEfll,DT, •• JC),. ~•t;x(~l?J=-~f~~~." C~1Qp, 
( ( <«>''"' ~ CCl]Q) :;, <a,>Q)., ud (<•~·:•~)1;1,pt,~ ,,...:. Pl~.~ seen 
.to fpllow. We °""' lhe str~ard ... ,,..rs of rt ef l't, . ·. . . I . . 

LtPJUM '-~: There ~,.,. .• ~,, ... l"Atll:.A~ a~ #fie an4, ~ f~la P( n), 
such ~. P4. does pot~ for .... ,,,,.. . . 

Proof: Take A to bet~ un~ W:·p\t~ arittun.;il,.~ f>!ll)Jo be.:n~x. . 

~~inly fot; anY n, ~·b~•l--A,<~.,?~~tll~~l"-"9 .. ,}0 ~·'-•~;;'(~!-x+l)*). 
One can tbeRc&wrJt• ~· and;,.,#Jfl"-~f~~1~~fs~(Mx~. 
However 1=1f~1'-.')· ... i-. ··;A ,,.. , .. 

Tl.eortm ,.6: P4 holds for·~ and •'n't 

Prooj: Aasume ts A'Vn(.fla):::l!Pltt4'1)•). ~--:IJ/,.-4al •.• R:: •. ~$.tt.* 
(Jn(~p0(cr,P(n))) • (<a>trau I\ -./fO/>•" 'f'llla" 3 ... (,.))) ts A-valid. Also, it ts 
trivial to show that for the.._:_...., •~ts i~tt}; ~·llld'inP(n)). ASlfUllMt ~that 
3KaDnP( n) hokb. We U..W· that Jlt'~llt-1' -- ,:a, ,.._,,~_.~MllPIS, we Jt.new 

that ct(a,.1) is fi.ntte. Conslter• set Ja = flt'-f). "''~·• ·Mdlnefn) · • •. 
holding, there is an integer tfl> assoctattd wtthi-~--" that for llftf n. 11'c'f( rt) 
whmev~ ns=t($). Sina Ja is finite (by Letwata· s.2 u11l:hlr .. the fact that ct(•,I> 
ts a finit.ltelt), tal'*l·t=MniftfitJ*f~)<lllMt ..... 11-..._.,.~ .. ;ltf·W we haM 
$1-( P( n) =>P( m)) where' "'J"t' wt;~ cMM ,.._.._..,._;_..t"i 



.. .:.; .: n,••''" 

-".'• .... ··~ --

as 

For wp0 T, it suffices to ~vet.hat L1ader tfte ~,rtf+"T.(~);,.'f,e b;p.Ye that, .. 
(Jn(wfroT(a,P(n))) • (<a>tnu I\ ,Joo;. I\ lnCclP(n))) ts A-valid. The proof then 

proceeds ex:acdy as above. I ; . , 

•Pf) .. ,.,, 
-~ -.C· 

,, ; '. ~ ; ~ <; .;' 

Pl-P3 1 1 .. l . ' > l . . ., ~,.. -

P4 1 :l 0 0 

In th ii section w• ~omplete our lfl~1Y'1s M \ire -~ a ~ket.t' preconditions by' 
restricting ourselves, as did D(Jtst!'a tn :ml~' tc{a ~li\"*'•~*P Rtr'Of' ' ·· ·· 
regular expressions over 1.Ss~s indjHi;rriaitlfiO ~:of jfUnd«l ·~tit 
(CC). We show that only one of the four.nottons of.,,, n~ ,•~o· .!5.~.siltent.wlth 
the manner in which CC was alleged to have been defined 6!', ~ ~ ,.;,~ sattstitia Pi-P4 
of C14l too, we conclude that Dijkstra had been pl'elUf'POlinl ~ .~ D· tfu to ~ used tn 
executing the programs in CC. . • · · ! ' '· · ' · . 

We define CC :ls a subset or RC with the same·~, u folloWs: 
' " . , 

(1) An assignment x~ ts a Ptalfam'lJn,CC.. 
(2) For any·f!l,llEGC and fJttt-onler~lP! abd,I?, ·, 

«;6, . . .. 

( P?;a u R?;~), and 
((PvR)?;(P?;a u R?;#))*;(;,,p f\ .,R)? are' in CC. 
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Throughout~ we abbreviate ifle fast cdnstn.tct in f2) *°"•ta f Pf~• * R?;#t. 

One can see that in CC tats do not appeaT as programs tn theft'"..,. rigflt ·but 
only as guards preceding "real" statements. Thm, tft the alternative construct ( P?a u 
R? ;If) (written IF P-+a H I..., fl in £131), ~· • ot I ts n«ltdJJl•end""'°" wtlettM!r It 
is P or R whkh ts true. ff both are, then one 8f •ad I it challrt nendecermlnlstlcal~, 
and if neither ts then.the ......... ,,. Thus ._._... .. ,~.l-de111~ 
gener-ali1atton or if P t• • ""'"-'- Sits......,; *-· ••••:e-aw11~re1ct tfl;S 11 tf ;f) 
(written DO P-+e U R4 OD itt C13lt generatt.- fiMl• P "° •· 

In Cl3l the language defined is aeemtngly somewhat less restrictive. for example,· 

<P1?;•1 U-U "n"••nf if"~far'·lltf·-0: ~%~•·••'"°''~,. 
is equiv~,ten~ to ~P?1• k!!f~l, "'6_~1t~~iu·~~'iP~,~~~1ft~1 u . 
(P2?;a,2.u P)t;.t3p.· Alao, l)j~atra•s s~~~ ~Jt~~ ~-w~~ as · 
(true?;xf-x u tru~?.ps~xJ~ (J~l;x~~v}~~~~).,_.,ftt~,~~t~~an-~ seen to 
be sufficifttt~ (Remark: abort was described in [14] u llJetnc a ltMlnleftt tltat al,ways · 
fatls, and so is written differently fn:tm the-sta-• ,...,;x..:X a-tRUr;x+-x)~-Whkh · ·· 

always d:lvefies and whkh we- can Mwrp.) 

In C13l and Cl4l the semandcs of Cc'wu cWlMCt -'•'d.'(w~aiy described) . 

notion qf wp(•,Ql .. ":e.~•'P'•fh-.-."-inttilJIM: .• ...., . .,~:~ tJ1At · 
a candidate.of .w, ,,,..;~;·-~-"-' f-r~~:f;t~ tn)ity state.'. As we 
shall ~ •. only one Of O!JI- ~o.f ·•~s ~ .... ~~·, 1\t,·~~ ~~- · . . 

Dl. rop{slUJ?1 Q) ,,.Q., 
02. urp( abort ,Q) IE /~st, 

DJ. ~f>(x.-e,Q)· iE Q:, 
04. wp(a;l,Q) • ·~•,ar"l,QH, 
DS. 111/'((P?;a uJJ1.;ll.9l -~~ 1<,Pylll~ 0»,~~'1~U ~.~R:>att{l,qU, 
06. wpH P? ;a * R?;I) ,Q) • v:.0< l\.l, . . . · 

where. ffo • ( .,p A "" A··~*' 
and . •n+l • lffo·"'~CPT••«f9Mfltr.>~ · 
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Lnnma ,.7.- 01, 02 and p3 ho~ fqr •Jlo, "i"aT• f!l/!a ~"tic· 

Proof: 01: For slitp, d,efin~ aboV,f~P. (t~?;;~~~.~.~~;~t!\l;~.5~~tnly have . 
.. <s1it;>tru1, and stmitart,v, for any Jtr ""'N;f!I! ~•.llAl(l#J_l~:!I r~~,{~t9'1res 
and is finite. Also, [slif'lQ • Ctrau?;x+-xlQ • Cx+-xlQ • Q:: • Q. Thus 01 ·follows. 

• - .1'',~-;,.' 1'' ~~~ ~ • , -

02: <abort>trut e ( <falH?;x+-x>trtu v <Jals1?;x+.x>tnu) • (/cls1 I\ <x+-x>tnu) • ftil11, 
and thus since for ;any Xf(J>f[>J tli&Gl ,,. ~ .:.ibt.s.Ol~:t,1<1.11~.,~~ 02. 

03: Since we_ have l=(<~~trUI t\ ~~Xtec"·~ ... >.~-,..:~~-th't 
for-any,~X as.abc:we1 llJ/lx(Jt+-ie.Q) • (R~'~O;t;'.: '·~··,··~ -- .,-

_,,, - ." ; ·-· : 

T li1or1m ,,8: For,~ach o{ •lloT-;.,,. ~ -~·"~ 'lW ~~ that 
04 is not valid; - - · -- - -• -

Proof: Take a to be (trui?.;x+-1 u trau.?;x+-2) and Q to bt mu. 
< ~- •• ' • ::': ~- <~ y : ~ ·:, 

_ OT: Take /J to be (x=l?;xt-x u x=l?;xt-x). The left .ilJnct• ,C-IJA f~ t{¥I ~ts 

_ (<a ;/J>tr"'_ I\ ~:._ -_,: Ca;,ltrau_ >_ .- An three con~ certamly h~ld in 
any state JfN. - . -'thertfllti'.~:--ll l"9~,...~-~--~ • 
Cal</J>trut I\ Cal-.loop/J I\ c.xi:Jtnu>, and.Cel<l>tnc1 doel:i_.fdct._tn«_, _ _ _ 
state JfN, since for any such J, we have (j,C2/xJ1)fm,(~--/Jillt',><l>tr*. 

' ) . >~ . 

B: Take /Jto be (xsl?;x ... x sx•l?;xfx).'-Sltnttarty-tV?lt.''PMtwi'tllse;.-can:see· 
that ti:Nwp8(a;/J,Q), but Cal<a>tndis not satbfled by ant'-6ti·1.tfN -~ 
{3,Cl I xJJ)fm(a) holds, but Cl I xlJ., </J>tnu. · 

. " ,~· '· 

' 
BC: Take fJ to b" any one of th~ above two. The rest oft~ ,._,1ng I• similar. I. 

':r;:t! .C : ' · . ·.t· ;, .. "' : ·,·,":!; ·:~ _.t..,1···-. '~' '·'·.".~!"~. . . · 

In order to show that 04 holds for •/lo we need the following:. 

L•mma ,.9: For any a,IJfC~, _ t:Va#a;O • {fell• v 511,>~1,) ). 
'. - ! •, 

(Remark: this lemma should be contrasted with Lemma SJ(f;!J' ltKt the rem•tk' rottowtng 
'its proof.) · 

Proof: Having Lemma SJ(2.3) at'hahd; artii ~tha'tct'l;~;IC, 'a1rwthave left ao prove 
ts ts-< <•>fatl/J => /a.tla;fJ> rc)r a,~iCC. :lheteed,;dfttiM'W1•t'~ cu•~·• falfUre'tn · -_. ,, i 
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TMortm '.JO: F~r any-~~, 04 holds for •'rt 
- ;,_ ·- ', ' . ' - ~~ \ ' ~ ~ ,_ :i:. ~ ,_ :·,,, ~ / - ~ ' 

Proof' ·E~~'fivft' :lllf;oWr;I~• (~Ait:i\tlJQ>A ...,.,.;II " 
"".{atla;a>· and sir:~~~r.•r.~~. ~~.-:~·1>r>''.e.·.,.~a.'~~ ~.~1~. ~ c •. ~ll>ttue 
.,, CaJ-./oof>IJ A Car/c1!1fAf111AP.t'lt<··~' . ... , · .1'6> Ml,, .. i&n h sc!eft to follbw 

immediately. Assume now ,that .flriwpt)(•#;Q}~"i'1hllli 1AW.I• tJ~~ -.. $..'1'.fOJ! 4eaftnc 
with the clauses involving ~p and fall., we haft OftlY • ahow .dnlt .fK•l<l>tnU holds. 
This follows ffatt1:~aJ:..t19 w~ .... t :11.-4'.·''·'t~·· ~ , · 

We now consider OS: 
·_.;; 

.Ltmnia ,.II: for e~h of ·~T• •l'I, ~If~~~,~ a~am (P!;a .u R?;IJ) 
in CC•sflttt -~ DS Is ......... ,· .< · ' · ·\, -~~ '· '·' .. ;; > ~ '...,.. ' , ·· ·. 

~) ~ l' 
_, ' 

Proof: Take P, R an4Q·tobe-trwf,;.nd•--ialu1---;1 .. 
DT: Take B to,•4iort+~ . ·~ ,: . , , : . ,, , 

l!·; 1:'~--~-.., •... : ·' > . :. ~,,,. ..,.;,,.; 
BC: Take tJ lo l>e •her of the allo:ee. 

tn eacb,,J~:~~fk-lJM&•~'-~~~,~~-~...ad• .6$ .. p,ot,fl• 
satisftab~ We~~~,Js.. ,: ·.,; tn• \; "i.Wn'f:, v ''.~: ·n 

Ltmma ,.12: For any •/i~CC, DS holds for·~ .,_ ~ ' 
~ . 

'"'· ~ , .. ·;_ ;", , ~ . :'.<, ,._·, ., ~ " ~· .F , .·_. ~.:~.---. ·.,.~: ' .. 

Proof: Straightforward using Lemma SJt4) aftd ·i.em.M S.9. 'I 

We now consider 06: 

Tltiottm '.JJ: ror each of •l'br· -~, ... "'ac,,~,-- a Pfllram'(PT;a * ll?;I) 
t~ CC suth tbat06 l$ rt~ v~w... · ·:: .. , .,,; . ,;.· .. · _, 1 . 

. . PrOflf:_ Here tQQ., .there a a gtlMI'~ ~~' '9J"Bi~~ ~'~~"" rtle_ present . 
them fore~ case t>vt 00\tt,~ .... .._,:,..~~'WP~ lft~ ~ .. pro~inl 

. . '. i , . 
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the claim. In each case, however, one cari shOWJh~Jn •Y ~t~\eJfH s~h that x3=0, the 

left hand side 9f ~Js triL( bui,the r•g~~ ~~''°" isJI~., Jq,,f~·,t,",.c;i.u~lf·?;~ U ·•. i .,. ~ 
R?;lll<P?;a. u:_R?i">tru~,,~~~ht~• .. MP tn ~a-~ the ';~t_h~ acs,t, ·~.~Jlauae',!fJ?~.-,. 
is not true in 1, and which f alslfies .. H1 for •RJ •~2., ff.o ~ nt: ~ ,:~ ch,cked., , .. . 
manually to be false in 1~ · · · 

-~, ,,,_. ·~ ',+:'~, ~, ... 

Defi~e Q to betrru. Taking 'Y to t>et'he pfolr~ atrfr.:~~'ht c~,·dlt#rf! '· . 
for the B case, and either of tfftit;tar di'"' eue~"W~Oir ~- {,P,;ct·* lt;ll' ., 
to be ((x=O?;x+-x+3) * (2~x?;x+-x+l;<.<x=l?;_x~·~t.u.(x,tt~;;,)))). ' I 

• •• ,, ' • '. . " •• " • ·.:.., -,. , - -·_.· ~·1,J!,_ ':, .:~<~~ .~~~ 

Tlatortm ,.14: For any a,#,CC, ~holds for •l'o-

Proof: for simplicity, denote by if, the progr&nf (P?;• u Rt;"tJ-; and by*• the program 
(P?;a * R?;IJ). We note that for every J sUch t~ jtt~f*;;Q) .holds, .1fi:"I/.,, • .,)~, 
holds, and thus the tree ct(*,,.,1) is finite. Note tAaat under thf'IMM ISSllmRtlon~ ~h:n 
leaf of ct(*•,3) ts labeled wtth a stah! $such that 11-C...P" .. a), anct also $1-Q.: We now 
show that for every 3,r such that '1"•1>o<*•~Q), we havt JMl1t' by indtfctlon on k, where 

It is the de~h Qf t.he~~-ct{:*~,,).. . . , .' , , 

If k=O then ct(*•,3) = f(A,F)}, and 3 .. ( .,p /\ .. a/\ Q). so t.b~ 11=Ho
Assume that .J is.a ...,,_..q.,..,k,"M.,.~of1'f(;~1~)\; •i...-. ..,..,o,. and . ~ . . . . . . 

~ ".._ . .1~(~~-n.,.£~• ~ t•-.~lg...,~.*..d•P-'ror ..... 
ct( *fl',$) is:it' 2nd···k'!C~,,. lf•-•flrjfW.tf.) ~------.~• ... ~••,.,_ t._. 3Nff. 
byishoWlng·tftat1ier•lffk-l~ Tt!ts•'.ts·sufftd9nt ~·'l~~~lit·;fJ"~fdu~ ·. '. 
and tts depth ts n<it ,t, tdfrim ~the c.- tblt ~..,'~-~"t~~~{?"r"o:; · J',1'"':~· ·~-;~;,,. 

Take any jf(Ja). Certairity"the depth or df*t'JJ1.1s·-1tltan;l>AllG, one · 
can show that from the fad that 31swl'o(*•,Q) holds, we can.deduce that 

31=rup0 (T_;*.,,.,Q) holds too, and then usinr Lemma 5.12, that Pw1>o<*•,Q) abo holds. 

By the inductive hypothesis we obtain $1=Hk' f~ k'<lt (here k'. Is t~ depth of 

ct(*•,$)). However, it ts easy to establish that for any i, lt(H1 ::> H1+1>• so 

that we also have 91=Hk-l" Hence JH:•lHk-l". This completes one dtrectJon of the lemmL 

. Conversely, Assume .fl=Hk for some k. Wtthout loss of°pneralitY we can assume 

that 3~ Hk' for an k'<k. If k=O then trtvia11y Jla( .,p A .,ft A Q), and hence 
3t=wp0 ( *.,,., 1). Assume that k>O, and that ror· any atate I such that. wn1 ( l1sH1) is · 

defined and is smaller thank, we hav~ $1=•Po(lilw-,Q). Certainly by 31=Hk and k>O we 
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have 1., ( .. p I\ ... R I\ Q), so that .1fi(<w>tra1 I\ -ftill,, I\ -uo,,, I\ 
C1r1Hk_1l~ Stnce .1tf<1">trat, ~cand~'byf;a State·tn.f~. We lr.n~that 

.ffit•:Dtk-1' w so: PH1r.-F T~oi-e. by the lndtktfV. "~we cOnc""'e . . : .· ' '. . -· - ,' -;, _- -, --:, .. ti'""::. ~ ' 

that 3~wPo(~7',QJ, or that ~((*T>tr1&1 I\ "'fidl(*~} I\ ...,_,(*1ri~. , . . 
C*TlQ). Now, since IH Jw) and IJ'<*w»tnu, we have Jt-<*T>trui. Similarly we can 
establish .1H:*wlq fr~ .ft={wlff1-i whk:h imp,iiesth,~ .. ~?:'.lfJ ~s f(W ttflJ #~(31'). 
Also, 11=;ttlil<**'> .~ 3is~l'f*n cfoDDw ror ~ ~, .. , . - I 

Thus to summarize, we have the fotlowifll table, where a 1 mdicates vahdtty for 
all programs tn CC: 

•#QT •'i: .,IC, 
01•03 1 1 l 1 
04-06 1 0 0 0 

We remark that relax.mg our mtrictklns on~ .t.d eunttdefinf general 
programs tn RC, 04-06 do not hold In pnerat, even fer •fo-. 

. , - . . ... . ,, 

We nrgard 081' resttlts ltt this sectten as,....... i..-.11•·~ 8f the 
intuition Ot•jk«ra'ttispbyaf·--he~ 00- bt'.U.-.~Mlliett!l~fc. PfOll"•lnmRtC 
1~ap atfftatJle' far .. totill._.llEhlSs .......,.,'f....,<: A.._lf:tbete Is dG · 

4 priori ~aseti,.,P"f.., -~--•---Oi••'-'Pr'"'1 .. ,,..,.\tta~•••ft tbat<, 

adeptmg thia mtthod inoan~~:wttblht pa.pn_.,, ~·;···~;D.l-D6hc»ldip1," 
fact which nicely gives rise to what Dijkstra talk a ·~· for camputiftl the weakest 

precondition (lf a pregram, aad :hJnce for·~--·~· a:.~ .Is totally. C'IOl'f'ect. 

- ' 
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In this chapter we COf1CeJ'tlrJle ~,some of the ~~fte!1:W~I e~rt.in, of Jhe two .· 
concepts of diverging and 'falhng· tntr«lucett ift Ch.,_ ~.'-·Mblt 1Gf'tfie l:hapter, hOwner, 
will be concerned with loofla· In particular we emp~ ... ze,,the ~~~~expressing this 

~1 , <·.C'\ ·~ .'- \4 «t•:; , , \ ; ,I 

concept in. DL and providing a suitable arithrnettcal axtom•tJiltibn of' it. 
·"-< 1.:.y1~ " "':.,""" ~ ... 

In Section 6.1 we consider the qu~' ot lbtatritng ._..artic 't!Cfuivalent, In DL, 
of looper and/al.la for the class of ~•i1'fla. JWY~ttu._.,.jrr6.ti;iwe show how a 

recent theorem of .!in_k~l'1fl ~~!J,~v~s. u ,ttte,cenu,:~ .. ~tlli ~~ f"~~t~at ·~Ch .•n 
equivalent exists rot loop0: We'theri sltbw, In 6:1.2, t1i1t an eq\ttv~ritlsts tor 
fatla too. Thus, as far as expre~~lve power is ~·,~N. ~'!d.:f~U• add ~~hinJ. 

In ~ection 6.2 we, intr~~>~ ex~~°:'!~of P~,~~' ~ <Yf!'~}pre. I:~ a _s~i~lly : +·· , . 
designated primitive for loo~11._, ft,.~~~~· ·~! ~iar~~~!~ ~xl~at~z._i~.• ~ ·, 
of DL +is ·given in Sect10n 0.2. .,SeijiOn-6.3' .. &J'cj'-':J/to ex~ the remarkable . 

:•; similarity in' ronn' between'ttft t\ttb r'df)p tlr~;.+!:~~·oWef-V~~bn' ~ *" tO 
supply a framework to aid when constructlftl such ~11ft· . ..-.--:·'1°1ti .. ,. 
framework also supplies.a broad perspective for undentandiftl, saY, the invariant 
assertion method' of f'6Yttl!TJ MtdJMifelMl ai • ..... "bWif 4~ ; · 
axiomatizations. Section 6.4 contains an applicatton of these ideas to tJ\e form or an 
arithmeticaHycompleft!L"aM~'~W9L~1'hitft'~ ttte'n.--/ 
operator 'Of~alwl~4 fS'1'•·hl·ttttw ..,.IW f~-~~ tMfaduCl!d!for 
expressing •lotrflt. is not quite• dtreat~ttiat'et.ntt--.&t1tlttul.,,_, ....V.i(:p 

is essenti~·done aDL~}, but •'••tnd:•th1Mefll\•t11 ...._but rather · 
relying on the ...... iva•'°'-wf'6~ ~- '-IJ. . .. ,: · ~- · ::) . 

It might seem attirst'that a slmple inddtttte tlt~tution Of loof'a al'.td 

faila is possible, along the lines, say, of Lemma ~'TMftlw.,..thait lt»fliJi;I 
is equivalent to Cloopa v <a>lt10f11 ). In other words, thlUJtiftl able to determine ... 
whether a ;tJ. Cowtains~t 'fli9~~ ~ ~:w·MW; _.. W~ihe ~ ilt-lmd II 



do, given in addition the toG&s of DL This task, however, .ts not quite as simple as. it 
seems. In Sections 6.ll and ~.2 we focus, respediffly, ·~ ,_,,• andfaU •• 

8.1.1 Expresslnc '°"'• In DL. 

umma 6.1: for every •,IERC, asstpment x~~:~Jt!, die ~ing .~valid: 
' ,' ,; • ; ' •• ,_ • < • ,· ·*· ., 

( 1) loo/11'~ & falu, 

(2) l~! • fals•, 
(3) /0(1,__ E (,..,. V lf91,l~ 

.(0 '-"••., •. ~. v;<~· 

Proof: (4) is Lemma S.3(1). The othen follow.frena -.~~of a(a,3.). I 
> • • '•., •• • ,_ 

In or~ to be able to Mlk about _. we a1""hiMtneav•, hi this chapter, the 

freedom of. writing, say I l"tt<«'?t tn*'- ~"~ a'ft, :, ~-.,,-~,·. C•ecall 
that • 0 is trtie? and .n+l ~ ·-~" .) "~ ..... --'.~p .,_.;.. ·. ' . 
"there.exis~~~__, .... ,,~ .. ~>ftjlifll~~.,~P"••,~ 
that <an>P ~of m'll*r.,. latp a. 

' . '~ 

Tlaeornn 6.2: for eMFJ -1c, t=(~tr*· ' (~~· .Vc. '#11(&~~ ). 

(Remark: In tlifte.With tlle.·8ove caa_v....,.. ;tlwe.Ah••;,._.,~Jn.~y.stia J.~ 
" ' ' '~.-- • > - ' ,• ' ,, • • 

3t=loof'a* holda4ff ·-eidler ~~.\flflliet ..__.... .•. WJt,itaw.lfs<•',l>trw.") 
Proof: :As htwar.JtedJn~'i, ._,.._...,..._.,,_._,,,, ,.,,_,, holrll Jff" 

there is aft illfk*e ,.. m m•tM~ ...... ~ .. ,., ... , ... udtorltdf 

pct(a*,J) as 111tt((trw? u •;-*l,J) it kttttkittllli!MM21f"'l"i•11·twJ11s.for 
every 3E-J(a*) (i;.e. if~. hold1), then an.,. .. .,.. P(J,31,.12, -> 
in f1ctfci*,J) _must be an infinite ~-path, ~there m•tte .... ~tlence of s·tn which . 
every two adjatent •an are '9aled. vta ~) .. ,~~'tlii ·iia'ii& jyi;~~10'JJ:, -> 
where 30=3 and for ·every Ad~ ~ve (f~.i)~~ -~;~ 

(3,JnlEm(«"l,...O..__.~•>tJW., < 

. Cqnversely, we fir.ttnote that tt is euy to ~·JJt• ~(~~~~#:a ? :Wa*). 
Assume now that jt=Vn<•">trw. By t~ constructiGn of fld(fi*,JJ dttJ ifllplies that 
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Thus, a divergence in •*, Is due either to a chv·~·"lft ti' ttself 'after exe:a,tb, · 
of some number of a's: (toc.Z cUvtr11ri1), or to Mlftl ~le to run ~1 repeatedly fet'--e~'. ', 
(flobcil diverginJ). 

~ ., .. ' ' 

' ' 
It is im~late then, thit lfae only obstadet0 ...... ,. llhtghtforward· · ,; 

translation ·or loofJ• into a DL-~tf~' is ttte'iact ffiat?f~~ffi,J1"ff~'l1bt.-wtr. 
However, we have the followlnJ recently estabffshed fact: .. J\ : · · 5 

' ·. 

TA1or1m 6.J (Wtnklmann C11l): _For every afRC ~L~ P ,~~.exists a l'.)L-:1'ff Q 
such that'tsfO il'i°A(~>i'[ ' ·.· .·· ... · •·· 

The (construcr~re> p~Jov~y-~ a;verx ~~t1e,.arn"*~-~~~~-~t',e,1tr~_ctur•. ot t._e .'1,' .. 
1(a*) for,-fl•••J•-~Jltt._~-! ' j~~~,d~~ .:· 
some 11~tU~ of,a Jtar. (&.e~./f,t(, .;i:~;t, . , ~-;,":~" .: .. ·. :~,~,~~~•·'-· 
• "PC!ttt~r.- :r-.us.Ji,.,~.~~tr-.~~ -~'!'1~~~-•·J ~>~·•·: 1• 

conclude ~-t'Om'-~IS '-1.iaf\4t,~, Mtd T ... p.U; __,, ·· ···.,, . . . 

Corollary 6.4: for RC, looflc ls expressible In OL;'t.e. for ev~ aflle there Mlsts 

a-.DL,.w{r.P •· ~,ttYt: t(~-r~·!Wab t,· ... · . 
' .- : , 

It is easy to ceneralize the deftnitkJn ~ ei(',.-:,1, to ~~er the prorrammtnc 
languages "array~RC" and "rich-test-RC" which ~,~~- of~~ allowed in array-DL 
(Section 2.JJ) and rtch-tat-DL (Section 2.JJ) ~:yj,ly., .,... ~are also of 

finite outdesree and for them too we can define~ 1' ~ .... if'f_~(a,J) ta 
infinite. We then have , . , · · , 

•'' . 
' '' 

TAnrtrn 6., (Meyer U3l): For every afarray-RC; aftd L-wff 'tiihere·extsts an 

arra~,-p~-,,R\Q~(',!t~.: ~l~. •. l~~">~). 

TAeortm 6.6 ( Winklmann C'JOJ): For every etria'-teiit~c· MclaL..:~ P ,~ extlU a 

, r4h"'.test-DL-wfl Q, ... cb ~~ ,~ l.~~PJ •. "'. 

Corollcir16.7: for array-RC (resp. rkh-teat-IC), ~-... i\a,.~_ ... lib .• \le "-_ 
· array1')L (~ rtth-test-DL) • 

. ' . ,. "·.·.,.. 



One can define ctfa,1l for r~:..~ (Sktion Wl, • .,....._ ...... ,_ .. in ·treb 
of inflntte outdegrft, and then define ,..,.,._ te hefd iff d(j~Ji~hl'a'-':tftttnne jMk 

Parikh CSOl hu -.. _.. t9 s~ ~~ r~ ,rae...,.~}'•"" ~~expressible ht 
random.,.l)L. . . · · h • :· • ;. ' • • 

. R'ecently Pratt CS4l has shown how a platatible deflnttiCJR of ,_, for PDLt when the 

atomic programs..~AI. (~ ~ » ue,1119119,t~ 'i"'*9~,\lt ~ llf'WIU~ and 
not some sort of~ ..... ~ rbe to *.1'~!'111'~ ~ ...... that loofJ,._ --
is not expressible in POL. - · · -' " -·· , · · . . 

" '. ·, .; ';,~ ~ 

8.1.2 Bx_,re-lng /.U• ln D1:-· ... 

'fie now turn to fail,,; Here too DL is powerhtl enaurh to ex~ress fella· for any 

a~Rq, I~ ttt,i~ ca.se,. ~!i'r,, ~ _wil ~ .• _caril td a--wry·i-~Jif'~tta~b ot t._ · -. 
cases)i~-~l]tch ~ r~ ~-ift #~-~n·1t:w·~·1d.~e];i;r..,i~f.W,1>.-Tt.e:. 
complication _arises.in the'i.it·tif~flA. iiMWiltifr iif\l~N · 
c:t(a;!>·~·nd:). Wewtf1it'lltiit1Ctor1M' .... •~'.-....ec:ea.• 
S.S) this complicatiOft_vanbhes, and m 1tm·aiw\M'i•t1 .... V·*-8bliWfffl• . 
such that la(R4•/a~I•) -~' 11 q~ atr~orwanl._ · 

• • •$ • - , - " < -.~ ,. • " ,_..., ' •• -· ~ ~ ... ' .- • , • 

Consider now the pneral • or:~ p.eplftli'IC, ' • .,,,.,.,_,..,. inductively . 

the construct .°."enoth,, such that .tts..n..u. holds lff' d(·a,.f) ii a Ungteton; 
. ~: " q-'{ ~ .'; t ( "; ~"' I 

tmnridt'x~ • faJ.11, 

_ oneno4_ep? . 11 .trw, . 
tmnt.DMaul • 'ftds1, 

onenOtk•;I • (OIN!IOU• I\( ......... v fa.U0 ), 

01lf~fllJ ·.(~· . 

Now abbreviate C/aa. " -i0nmodi•l'1chl.f1Ua t...., a 'ff' failw'e of•>, and 

(fail• " .cm~ockct> to Vt111,. < -~ f'*"). 

Ltml't&4 6.8: For every •,IElC, asstptmintx+-e uttteat'PT,-lhe ,....tng are valid: 

(1) /ctlx~ t fllhi, 
(2) }atlp1 ·• O:.l', 
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Proof: We omit the straightforward but rather tedious proofS.1 , .. · -a 
. ~ .· i ,- ~ ~ .. :~·:~ :.:r)' :# . 

We would Uk~ to construct a DL,..wtf otlatr a .. , such t ... 
' .. . }·... . "~. ,~ ' '. 

fatla ;/J • (fall a v <a>tlfaai v otlatr a,/J> 
. ~ ~ ... - ~' ' f~,(y,;i...tt~ ~ ;'. j -," 

.~: ' f, ' ' ·.;~ 

will be valid. In other words, we would Hite O/Mra' to capture the cases whkh 

fail,. an~ <a>fail/J do ttOt; i.e. the cases in wftich it.ere ls a fat~;iide·in ct(a;l,.n 
wh;cb ~-~s not .IPPHr lfl «{ fl_,J), ArulJbllt*t1blrJnm. lhal JatluRJ1.'the. mull. rl II 
being the one-nocle ra11U..e .tree tn - state j"fJiiT~-jatfaii.'~·.~-- ·-· •... .,.. . - - ~ . 

~ ":t~· ... •,_ ? ' • 

There-are preciMly three CaMS in whkh: thif.-.......... Might-oeaw:-

(1) ct(a,.1) = ((.A,3-).) .,..~~ •·tQ1fl},. · 
( ~) tn t:t(•J~,_.tMre ka_ '*"_--· ........ I~ '*'~one descendant,_' ,,, 
· .a leaf ..., ... ,,""_Mllnhat ci<•J> • (~A,F)). . : 

(3) '··in.1¥(f•tf.~~ ts •. ,... .... .._. I wtdth:a. two descend•nlf 
· of w.hJsl{ll ID# raeJa 1111 •n• • -ltr,,.:wl IUCll th• · 
ct(IJ) • {(>r/)}; t.e. ta dl•,.ft~~'... , "' 

A .. 11~ . ... 1£, 
r-1~ ·- ,-. .'', , : - ., ;_;, '. \ -L"f1.$ ; ___ ,~--~· ~~-.: ·:·'' .. '1 ,, ':?- .~~;~ __ •• , ·':.· • ;-",, ,_' 

·(Note that in the flnt IWO'af ._...,._the F~ ~ .. ,~, ... _ ', 
appear"' a<•,.Jh., that an .a c.;.. ..... , ...... or the rOr.n" ·, "' , ·· .. 

·'11u· .t .·', 
' . ·•'' 

.. ~', 't .• 
~. . •"/, 

which Occlits '1*'f'-;il' .. ftll?J; 'ittaj u~t§ie 4't«led 
by etth_er fa.Uc or <•>ftdl,_» . 

' .;j' - ~.1 



for any a,ltl\C, we RGW·supp~·.aniftd_,,..~.,·~'dlreeamstructs ll.•,11' 
32•,I and 33•.I' correspondtttg '""'~.-~,U..,C~) "~ fThe ronowtnc 
theorem c~ then be lftft co fellow from tldl ~ll••• · . , ' · ' 
Tlteortm 6.9: for elery .,,.RO · ~.· .. · 

ta(f.u.,, • "'""· v <•>fall• v ll~-- " 11.,. v 33.,,) ). 
-·._~:1.' : .. ·~~t~ - -..:. 1. t~~ ' J.. 1 ·., <"1 :·*~.< ... i '- ·" -

Turning to the construction, we n!ote that 31•.d ii.~ '"'"'"''• I\ -f41l• I\ tfaU1>· 
- ' ' ~ ·:·, . ... . ,. ~-· '- ', . . ' -: ·• 

·~ 

We define 32•,I and 33•,• by Induction on• a falows: 
' ~ ,. ~). . ': . \ , ;. ' '.~: 

a 

foist 

P? . ftllu· 

a'UCI" 

•';•" 

• r~ • 

'. t J. '·;;·-, ·, 

Mete now that the. r*PJ:1tand skhr-4'\M'~ Ill~ 6.9 ts defined 
U&ing DL-wffs am.I appanAOlt ef }WI, and~ Mfll. C11111 .. 111ca,, Lemma 6.1 and 
Thearem 6,J1~ . :r". · · ·:·.•,,:,1:;\Jlf, ·::~:3'1' 1c ••. 1 ···· ; :: ' · .. ·,;1 ".i''··, 1/', . 

;;;, : , "'q < • ;,' {! . 1-J '" ·:;'"·' • • -~ -: 

Corollar16.10: f'or RG,.ftdl• b express6fir lft DI.;,. •. for ef.ery MIG there atsts a 

. DL-wff '•"•-.. HA•• ftdl.) . 
. --~ ,;-.f' 

i it '~ 

We remark tMt for dWe panted ................ CC,: we have la~au11 for 

every criCC. eaa-.-.,tt.iJWl"~"'-{·r·;,~::··'~,.e 
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;,, 

so that we obtain Lemma 5.9. again, this time as a :.cDroua:ry ot t~ 6~9. .· 

8.2 DL Ausmented with loo/J• <DL+> •. 

Jn thts· section we introduce an extenston 'of DL, Di.+~- whkh consists essentially 

of adding the lpop~ constr~.ct a.s a. p~lrpltive ~ l)L T~ v.~,.J1 .. lJU~~~ta~ 
are in the ability to reason about diverjenc:a dtrectly Without ha'YlftC to go through the 
translation of loofJ a into At.• ~Ui»a~ PL-"1'( ('f.hW~~ ~ ~lluf;..M).;;,, We 

remark that the DL-wff Q of Theorem 6.3, and heACe P • of Corollary 6.4 have the 

unpleasant pro.,erty of being strOnJtr:d~•.,.._...._JJfi•,"'4,• the,vu.._ 
', . ,;· ~ f \ . ' 

appearing in a, so that Pa' cannot be obtained fraM 'p• by ...wttuttnc •' for a 
throughout. Consequently, pro¥tftg' a·farthUla Wlth!an·~-·,,. will inevitably 

involve carryln' ouJ the transfor,utiCilutl~/J• te:P •'and .t"9\~lftl,tn D,L The 

point is that .the intuit~ one mtcht have about ""'• ts. in ~ .·Jtrofts sense, loat In the · 
process. On the other'harid, the •rtt~r .... ;li~otOI!• prftented · 
tn Section 6.2.2 ts .,,.uraranct ~ ..... c:,,; ;;.• , . .·· • : • . .•.. · · , '· ·· • · 

8.2.1 Definitions. 

The sets of symbols of DL •,the sets Of terilll ancfatQmk f'Otntita and·the set RC 
of regular pr0grams ·ar. aft al th OL (~·u)i. tt'W'sei1'dtbt .. :.?~.!ts def'Dtea·u~ss 

. , . . ' ; .:' . ),;•·:,~ '.'·:~t~ ~···;. " ; ., 

(1) · Any atGntc tormuta '11 a 'DL + -wff, 
( 2) for any DL •-wffs P and Q, a ttfllC amt •attabfe x, 

.,p, (PvQ), lxP, <a>f> and <a>+P .•SJ DL-wff~ 
., '"' ,, •. ) 

Abbreviations. are adOpted ·as In OL, and in lddfoan .e· ~•aie .,<ecr)•.,p to Ca:r'P, · 
reading "diamond.:.ptus-a P" and "b01-p1US-e r ~-· ,; -~, ' . . .. . 

For the definition ot the semantics ottt•: We adGlpt th«' mncept ot state ·and . . · 
universe from Section 2.1, ban1ow -~:think ~·'tlie iM:e•ftibJ.'rmtci•lftl ti*""' pRliram · 
a the set of computation trees {at(a,..1>1 JErf} hee Sedian S.2J. However, by 



virtue of Theorem 5.2 we can. conttnue to,.,... to in(a);iteftned·..W as f(.f,j)l # labeb a 
leaf of ct( •, 1) } , white mnaiftlnf censbteftt wtth m(.•) ·of CMpter 2. 

- • . ;. : - ~-~ 'l • - ·, - .' 1 :·, .; ,• •.• 

The definition of the set of states satiltytflC a ·ot + -wff P ts, for atomic formulae 
and for the.clauses -.P, (PvQ).' lxP and <a>P, ~ .. f"'r',s.r~ 2J~ .. For S•>+P.we de(Jne 

3t=<•> •p iff either Jts<a>r haldt w df,•,3l ts mttmte. 
,;. ~ . ' 1' ~· : : ·: • • • ,'; ·: '· ' ' 

In other words, .ft'<e>"'P hotcts if'f 31*( <•>Y v "'°"•1 'dO.L ~-can then verify that 
. - . ~ ,. - ·. . . ~ - . .. . 

· if'f ~>t/fll#, 
tff .. ,..., ... 

With ,this deftnidon one-~ • that ~INl 6.A, ~-,~· ff'tat DL and DL + 
are equivalent in expressiw ·p&wer, t..US ~-~ .. na·[~]. · 

. ~ ., •" .. . ' ;t ~ - ., ... - ,• _, . . 

'fie refer the reader to Appendix Din wltkh we ex:htbtt .a prGP"am wlth a somewhat 
nQ11trivial beh*Yior, tM mtemtiftl ..,._ties of W'htch·Cllt be~~ In n1:.•,· 

Before:,proc~ wtch the~ Gf.01't~: .. It~ to ~hlblt an 
akernativ~~.J>ut ~u;.v~: ,W~ of _thie·.~ ~;DI.\.~ .ju~~ t~ 
+-notation in a rather tnteresttng way, tn View: t1l the ·ac:ldltlDft, a kt Cll anditS6l, of an 

"undefined state" to the grand universe~·· W!1~~.-.. .. ~h ,,- the one 
taken in our ortginat ddt~don. of Dl. 'f;; m as:i... •. . ' r • 

Define by r+ the set ru{.1) w.here .1 (read "bottJDm"),'the tltvirg1nc1 stat1, ls a 

"state"·•. whkh, ">' ~~· :4l'!'J DL,-~-· ~;t~{lm .<L,IJPl:=.tf •. ~ the,n, . 
that .LV P anct J.V ... p both hold,, so that i&.Jr;P M11t .,.,Ji.,;.p _..,.. ._ ~ 

' ·~ ~~, ' < ~ •E ' ' • 

Now let m+(a) = (m(t!I) u {(,~,J.)f~.)l,,. (~for the sake of 
tbil c:t~inttlm) let J'4 ltand. for (.f .llte+tc)~: Jf. wtJncp. ~ 
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then [alP defined as .,<_.>.,P sh0'11d read 
\ '. . ... 

rather t.han with 3t=P on the right. 'o~? the oth«r Mnd 111e can ... that "II( Ja$ =>. $tsP) 
asse~ts th~t J~[,JP ·and that furthu~(;.t ,-iff ift•(~ ·{'~iii! Tie~ h~v~' hact· 
JaJ. ~nd J.t'P). · And··SC, Vtf:it«f>!'J•#faP1·~\fft''iitftl'*i!a:J+tt''ifiiift.uThflS.•watt·deftne 

tff Y$(3a$ :> lli=P), 
iff vac 3a$ :> ,., .. p), 

Jf;:[a]•p 

JtsCalP 
Jl=<a>P 
Jts<a>+P 

1tff .~,~'*#" ll=Pl;,_ 
m~ · J$f)il " ~-, ' 

However, Jn the sequel we abolish the artlfidal state J. and treat <a>+P as th~ 
abbrevttttiOft of· t<•>~ v hJOAr )' -~ w-.. ..,... ·· Ya . 

8.2.2 Axiomatization of DL +. 
. . . '. ...... ,.' ... ' . . i•. . 

Let us first gat~ .~ff the.~lo of <•?~ ~~•,fn9Sl of ~hkh have 
been proved previously fbr loofJ. : '· · . . . a 'n 

. ; 

Lemma 6.11: ·for every·•~9 antgMteM'X.,.,ua·Ql . .-a•-wtta~:P md R, the 
following are valid .. , , .· · 

tll [a)•p • (CalP A(cl+rrw), · ··· 
· (2.) <a>+P • (<•>P v '<•>4/clu)., 
< 3) Cx.-EJ+tru1, · · · 
(4J CQ!l+tru1, 
< s > . ta iBJ+p· . !' c'.a:rc~J+P, . 
(6) <a;~+p E (ts>+<j)~p, 
( 7) C~J+p • (Ca:i+P " C6J+p), 
(8) <•~>+P • (<a>+P v <6>+P), 
(9) Ca]+(PAR) • (CaJ+p "CaJR), 
. ( 10) <a>+( PvR) e ( <•>+P v <•>R). 

. : '· 
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Proof: We prove (S). Ca~l+r ts, bY ,~~ {ti.;IJP /\ [•';#l"tr.au) or 
(CaX.lP /\ Ca;lrtrw). ltowev«, linclt by"-. U,Cl) WJ M\'e C.;fJ+tlW • 
(CaJ•tTw,... t:•Ul+fnN), we ~dtat(•.,,~Kt4~;k · 
CIJ+tntt)) • (c.1•nw,...C.UM>) •,,~~ ~~~-~~ef--.parts. I 

; - ~ i: r :~ . - : .. "1-.1< .• '. 

Tlwonnt 6.12.; For ~very aflC, . 

(1) .. (<c*>+jlfu ''>' . ¥J•·~ ... " . '· , .. . '. . 
(2) HCc*J+tra • Jli.eftrf«•). 

,.' ·,~J ./ : :: !,i I -~:~; ;!." . ' ,• ' .• 

· Proof: By Theotem 6.2 <a*>•falu •·•t·~~W- 'f·,1•~·~~ 
which can be 1ftn to be ~utY~ to (~">..,.._ v •-<~, or 

( 'Jnl°"I' •"' v Vn<•">tra•). · ,, ; ,. 
1 

t-,.-.:,, :- :·.-, ,_' -.·, ' , .:. ' ~ •• - • • '· \, 

Clctw: "(l~n<-..,n v (Oi"~!l; ·. 
Pr«if: A-** ..._. t.a·ao'*l,~·ttW1P_,111~ ~ '!-', 

. .. • 1',,, •. .. ' l 

for every n<no we haYe Jta<tr">trw, for ........... " '"-1d. ha'ff 

to fdd"for -...a.a.-:A-..•-.:#ltt•~ .... 4W-~·· ..... 
thus the claim ls prond. 

Wtth this claim establUhed it ts easy to see that (~·a·v:fta<ll">ttUt iS equtwaleftt to 

Vn(loop•n v <•n>tru1) or Vn<•n>+trw. {!)'i~·~<tu b~ defJnf,tiOn Orca*J•. I 

Now let A be any arjthmtticat unt~, and q .... ~.._ ... -4~ f':" for DL+, 
deftned as P .of Section 3.2 •UC"M"Jed wJth tM ~llp&':."-e ~· · 

Axioms: 

( 0) (cr]+p E (CcrlP I\ c.1•1rw)' '. 
( P) [xt-[]•tru.e, 
( Q) CQ?J•rrw, 
( R) Ca ;6J•trau • (Cf]+cf]+trlU, 
(S) CaulJ•trait !E (CaJ•trau " C6J+trw), 
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lnfertnct rults: 
(T) P(n+l):>Cal+P(n) , .. p(o) 

for an L-wff P with free n, 

P ( n) ::>[a*J•true 
·';.i:_t"j''.: .· ,·.t. 

· s.t. n1 ocr( •> , 

P:><a*>+falst 

. Provability. in p+ is as d~ilWd ln SectiOfl~ ~-~-... ~ 'nrll.pta~U,sh. the .soundnen 
of p+ by.stiowtnf the ~·Qf n.ttlJ.(Tl ~.(UJ;: · .. ,. '· ... 

- . ' i•.- "., 

Ltmma 6.IJ; For any L-wff P«Jt) ~'ERG, w~;ntt¥fr(#), 
·if l=.A,(P(n+l) ::> Cal~P(nl):~rtdJ1.~(gl, '"~~A(f.~~.>,.i=> .. Ca*l~tr~). 

Proof: Assume the two hypotJl~~~ ""~ a,tso,.~~ dt~· .fltP(it),:~·'!Jth~t cau$inC 
confusion we can denote ".J by n. We have to show that a(e~,J) ls f'inite. It is euy to 

see that a chain 3 0, 31, 32, - such that 30=3 and Yjfd~ .-.J:.il;t~•te, . 
f~ by .thenrst hypothesis it would imply JnlsP(O), coiltradkting the second. Similarly, 

bv the first assumption,• any $tJ€«*>·weMW11alllf( .. -a.Jm.ile, and h4lhce by 
Theorem 6.2 there is no way for a* to diverge. I 

Lemma 6.14: for any universe U, DL•-wrr P and.aE:RC, If ts·u(P:><e>+P) 
then. l=u('P='<~/«u). · · · 

Proof: Assume l=u( P=><a>+P), and 31=P. If Jt=<e*>loopa holds, then by Theorem 6.2 
so does 3t=loof1a*• or 3t=<a*>+Jalst. Assume then, that 3K.tl*Hoofle· We show 

that Yn<a">true. Indeed, by 3u(P=><•>+P) and Jlap W'e,~,show, by induction on n, 

that for all n we have 3ti<,.n,true. . I 

As in P, we remark that rule ( U) can be replaced. by,;theif'.fthd) Induction axiom scheme 
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C•*lt P><->+r) :1 ( P';)(.a*>+ftdt,}. 

which is derivable from p+, aftd. ~ whtch -( ....... paiU ~-PJ rtl',fQ} 'can be derived. 
. .. t. , ~-- - .. ; ._ ,,,·:.,, .'[,...,. \ ~. ~ ·~ \:: . ...&c,:· '.~,; ,~ ~ j 

. TAHr~m 6.1' ( A~sOun~MSS ot p+): f'or ~' ot+-wft P:, If .. ,,. ~',·~~~r.~~~· 

Here too w~ would hkf to apply die Theorem fll C..,.1•en• (Theorem 3.1) to 
obtain· 1h•·'~Mtlt.WtWri1-llA*il8aw.+4 .... t_fJWffiw .. W*"- lfiwllllMr&t 
ffrstonoftftatthedn!M,'lft wMA·--~---.it'iwli•uWlftnlr•..,.,M-B::H•Wtldt tfit · 
ptt"Ctse sn.Mnent of suctti a tfaccaMt, IJGt ...,.,~-~er·•"••· tri¥taf' rephrulnc 
of the proof Of T~orem,_; Hl~ ... ~,--~ .... ~~,.-·~ ~~' ' 
and <•>+,·rel~ tri Ot"''~•M.-f.,1~1·1tVlt~-- •wa.tJ&w .. fl 'Thus, 
here roo, l,i•Y4n2-~lfad'n-""*••·••SD•••c.J, we need.~ colt·-~f_, ;.;:J~-~~jj ··_ '.' -·~t.•ami.!W!N'' ·Mi1&4.~_:.tf nw1 :£Id1~<n1.,;~r,, -,,.r,,\ ... ~. 

~eness r~ JW ~ . ·~ - ·-· .,.........: • ...-..,,..- ·. 
: · ;_" .,..·:~ !:' ,~ ~ • :_ -:~ · • -~·:. , ,.,.,,.,~, · ~:,.. J _ ; : L:ii" ~if(hf~ t~ ~:,,:ii b~ ;;._: .. _· : '.\:r:·. Jt!.<;P ,, ~ 1~)t;·rr~~1 ~.} i · :~,j • d ._" -

Tlt«Wnt. 6.16: t'M:Ai~thte6&•~t;'h ~ ··1:t ,,,;t~ ''·' , \. ~ 1 ·t'i "'' · 

', .;· 

'·' 

<•>ifip :>· (e)4Q 
JJ;· ,·:.' .. ,;, . J.: ,~- ,'1 

CT'F R=>lnP(tt) , P(n+U =>l:•rP<it) 1,~,-~ .,i:_ :_ ·> .. :: ; , . 
__ ,,,_ ____ _.____._ .. .._. __ .... ....,·. ·-· ·for an L-wff P wtth free n, 

.·;··-~,,_ 

( U') R=>P . , P=><•>+P 

Proof: Trivial I 
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We wilt. now combine the two pf:tata (treated ~•1'1;Y.. {pr Ql.. i1' ~tiOfl ~) of 
. . ' ', .. },, -. •, .. ~ ·,,:: - . ~: !,. .',·i~··.···.' .,(, ;. . ','· ,· 

(a) showing how to A-validate the ~·~ qtff'.) ~ Uf > '!.lteftJhdl'. ~(IUfi<Jns are . 
A-valid, and (b) showing box•- and dlamond+-c:ompletettfts 

Theorem 6.18 (Box•-completeness Theorem}: For tverf:~~c.·11,~ ~-,wffs.R an.<l Q, 
. if t= A ( R:>Cal+Q) then 1-p+(·l~al*"tj); ... 

Proof: Since t= A ( R=>[alQ), prove R:>CalQ in f:' ~;T~,S1.~~hen.Rrove 
R=>[a]•true in ·p+ as follows, and use axiom ( 0) to combine the resu~ The existence of 

a proof,,. in- P~, of R;::(•l+'7UI ii .... '*~ bJ.~Jlll -~uecq~'.¢; Clt wttb 
the only non-tri.~iatcue ..,_g •*· .[...-~ '81¥~ laA(l~tt~) IH>Jd1r-t~. · 
apply the·dertffd,.nne (T') With.P<n~takeft.....,.:•••'-•-•eq..na..ntor,, .. .. 
Ca"J•fal.w. By Theorem<6.ll·'ft have~nW!• SWP(1l).f\'·iftct:•tt.e·p,.._ .. of , 
(T') can be sieen to hold. · . · · · •· ' . " · . 

' f ~. 

T AHrem 6.19 ( Dtamoncr<ORtpletenas T&.eQrern)~ ftr ~·-~..-. l.-'9'ff1 R afKI o. 
:if I= AC l~>tO> -.·. ,f-ip+4~lt9)~: · 

Proof: As. in the previouJ,tf1eorem. Here .f,or Jl;i;.(M*)'.f'{Ms, tipf,,dtrtved ·fule,(U') .n 
applied,. taking P to·be a an.hmdit.t,.-v-.of.~°V41ff . ...,•· ~,~an,~, 

. that ts(loop11* :;l·{<a>lotfla• V'.l~8l>:.·••••••.t1te,•~tw·of., . 
the premiMt P=><«>+P~ (In tact,· tfw,tmplicllctdft. for.fhls"Cl.se•CIR•W Nplaced by 
an equtvatena!.) . ;, · · •~ 

As we -remarked at the end of Section 12 fOl'·thte lox~teneat TheOrem; hfre · 
too we can satisfy the premises of ( U') by a "stroRgelt <>+-consequent" givtng rl~ •an 
alternative proof of Theorem 6.19; take P to be an artthmedcllequivalent of (<(a-)*>R 
I\ <a*>•false). Trivially if ~A0\3<cl*>+/fd .. ~tlillPir'A,"-tl"•mf•·~ ththe<l'MterL 
to show the more subtie rarl ·tfiit t-A('P:,(w>"'P)'·~tcii(r.1i\''tlie nut .s«tfiMt we · .. 
concentrate on the rules for a* in P and p+, and on the way In which we were able to 
A-validate their premises in order to obtain the bask cumpteteneu results. 

We conclude: 

Theorem 6 .20 (A rithmetica1 Soundness and Completeness for DL +.): For any DL + -wff P, 

I= AP iff 1-p+ P. 
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Pr'!"/: One directirin is T~ GJS, and the.~ .... ~ram Ttaeor~ 3l, 6.16, 
6.18: ~hd '6111~. aftel tM diriftd nlW tfM in ..... ~m~ ~ <. • ··:... : ,· I A . 

<,·. '·: ~-· •. , . ·;~ i ''<,- / .... " ·- -

Appendjx ,D ~'-~-an ~x~,of. an ~ Waa~ P'!'fl'-!" -rt a pr-: tn p+ or 
some of iti"prc)pertiel ex~·· DLf'.:J' -~ '· .;,"'''"~~; ·· ·• ·· ·· ........ ,. · · · · 

,! ~ : ~ :· ". • ., . ; ~ ... ' ., .• • 

~ 

j : ~ .· ; ; ·' '• ... ..-.:. ---p., 

We na* ei'hlbtt a'.~ ...,...,, .... ...,~aw•-.,• wNth the -tvfet 'for: 
«*in P aftct'pt11Wffe . .-.'ch;tti,jiil.'-..-..wew,.;.r•,•nlftftlleiatMWnetteat··· 
completellelll.,;...,1Jnn•·t,a.,...., .. .....,. .... 11•lilJ9i••••.-~• · 
<•*>Q:vrJfl1'.,.~"'/i(ff;""9.-\)n•1111•Mi1u .. ••• ... ••·• ..._.,. 
nature. For uch, a • ._.Nim(' tftdur.ttan ftlle --•Mll;Pfat ._.. ...... ..,.... cl__., · 
from knowJfti e.g. that ·t.*JQ. u YflA&xJ. Md .dtat tn'bW ti JMl!l'Yfalu. 
fu*ritRlt~i .._,. • ..._._.._a tl 3'1Un'r•ftni!tf•••n ~ ' 
complete because tt jS •~'*8.-.. flji)r; d&l1J4 ...... .- tt.e _,,..._ of 

each when tts CGftdutl9n is A-.dd (I& P{w) ti •••fl••••••......_ anttcedent"). 
For tt.eM:•thlHltiM' ..... ;,~.-...r .. ilMl•1H•lll.,..._....,.,. .._t_,. · 
the~·~~, ~~ll1u•11•11_,..._._ fft«iNla) ,ii•· 
"strangest conseqdwit'•'f'4ir6*._ • ....._._ .. ~.illi8f@f,flltt/ .. ~'*l.~·-
one rule rr...-ra•n •dm-.; ~'ftlt'il1illnA rd1•• Id •tll!t••~;~J'Mr· 
premises of'thts.rullt ue&-•altdatec1w(1liillll • m e1tllttld*~••_...AM. 
the stroqa con...,.._ fimltb', ~-1111...,,. .. ,...,.... ru.U (r), 
(J·h~1"),....,),.e:i••••.._,,.._,tl.l•~llll·fft,Cft.:lTf,~ll):~ be 
Obtai"4!!Cl. :·'' ., . ·, i: '-'t ; ; ··1. . ., .. ·-.i 

. < , . . ·. . . . . . . . . ·.·· ... ,;~,::; : : . , , . . . ·o . . 
ltt·.IM~e\t C.AJrmiy*,JR•'toz...-llN'.:~•"'1•~"~+1) ~ .. P.· to . 

' >' .. . . . ' . . 

den0te P{Ol .. -1~--~ ~.._~•••;•·.turlftt/f~ .. -~~ ....,..,:_ 

,·. ,,, . 
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The concepts involved are,· 

Ca*JQ 

Ca*l+tnu 

.. 
The compse arithmetical charaaertiatiOnspf ii_tese ·CQnCePU art 

~ 

VnCa"JQ · ln<•">Q 

3 n[an]+/al11 '¥-n<..,>ttt'UI' .. 
,-. . ·~ ·-. ,•' 

An ascending inductive-rute--ot•nfereRce-anMWIM ••""*'·.,,.~ P, 
having R imply QnP where,d:le -.uanttfier Q is ckterndned by"Jhe aridtriMI_. 

,., ~haracterlb.aUon, and hav.lng pO Jmpl)r""the r~-aub~ •-.daat.~haraaerlzaUOnl 
.? 

R=>Vn-P , P':>CclP , PO=-Q 
~ . .,·, -·-· ---·· """y,...n_· ·.,..· ,-~...,.~. ·-· -·· '·.._: -?>-rjj ._, -·;,". 

R :>V nCaft]Q 
., 

i. R::tV1tP , pt:t(ej•p • Pt::ttnu ·, 
.··. 

The premises of these rules att A.;.vatidated ( whelt the consequents are A~lkf) by taktftl P to 
~ ' . I, :. 

be A-equivalent to · · 

We could have ~topped here; ttie.\.oW rules are fOllnd. Md "complete", and will enable a 
completeness theorem ro go t'hroug11. Ye confinue"~, u-apwnea·abOvc!: ·· ·-

. _.~ ·:··'H('' .< ;i"'.':i_,,,_~1·:-,.· .. ~. '··' .: 
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Since we have the., duality .~ ( aee CS2l) I={ ( B=q!QJ .~ ( ~~>R ::> Q)), natural 
"ascending" ruJes, which are c:omtrudld dually to die~. ones are 

!io >, " • ' 

~ . 

R ::> VnC."JQ . 

Recalling m(a-):((~~.#-31,.dle . ...-11•4lf'••1'n1a.a.•,._to.t.e 4 ... •altciatm by 
...i,_...· ..... 

' . ' 

The ;ascendiDC...aod dncencUac mis can be c.911•*' ,..,.:._.. d q. the-fact that 

( vnt.11JP ·=> C.lV .... IPl •. .,,., (t.*Jr =» r..x.*JI')), stYinl •'wltfted :f'Ules 
' . .. ' ....L 

; . '.:".· ·.' ~.' : 
a:t<c*>•fals1 

The premises Qf ~ rules-A-vald ... ~bath 
) . ' 

·-. .. :· '. ·'· ',; . ·, 

Now the "arms and 1ep• of these ~- can be pruaai~ - e.i., that rrom having prcned 
ll=>lnP, PO:>Q and Vu(P:J(a*)P1), We C111 ded .. l:s«<*>Q UIAftl validities of nnt order 
logic ( tndud«I at axioms m (A)). Thul we eb&lin ttllftlllll ruin 
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·--.--·· •·:;'";) 

P~a*>PO 
•T 

P' ::>[.J+p , .,pO 

P :>Ca*J+ trru 
. ., 

;.. ,,. ,.,,. ~-~~.,....,,;- ~ ,:::_ ... , 

The name given to the 'cansttuc.ts uaed ~- ~-ftllclW""1~U the'l.-wff P{ n), whkh 
one needs to ·"invent" in Order to be at.le to carry a;t a pt'OOI') ts: 

'-"- .......... """• . '· . ... • . . i.L .. ;_;,,_ . 

We would like the reader to consider the· virtues of conducictO&·•htJr...., fer 
the language of regular expressions over assigftfaent.s and tall. Conlkler how much more 
obscure the observ, .... '7f~1~10n-~.bw._. lfr• _....,,,..,...~~....,,. 
the 0111.ilt statement, instead of aboUt a*. In our opulton a* caplUll!S the raw essence of 
tttrating in pr09'~.~9-ju$& •-..I~ lke_.,_,,111! of ~U ,~;•,if 
the essence of S«Jru,,Pnc • . ror.th~.nranKll~.~ ..... ~~~ t,sJn~1t'1'~ 
deterministic ~~e wJ' a.~ ·~~·~·~·~~.r~ 
means of ret.tr~~t~:tllt~lit)f of ~~.~ff.'t~~'·· lfl~'t.·.-' · 
simply [).iJk~tn\'s C14J .guaplf!d ~ ....... ~)'~'~l ). o~)~ ~ 
invariant assntion method of Floyd Cl'D, as deac:dbed by ..... .l:JllA,IJ,•·1'*. ,~;(..., .. 
Section 3.3), has been shown to fall out of this pneral ,,..,n· of ar•titmedcatiy 
complete rules as a special case. 

In this section we consider a different extension of DL, In whtch, instead of 

loof.Ja, a primitive expressing Vn<a">P is added. Note then, that it ts. immediate that '1Y 
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Lemma 6.1 and rheorem 6.2-, ,.,,..,, can~ ... ,._.,, ..... ..,.., ti' ftO need to construct 

Winklma.nn's· Q 1
of:.· .1 ... _--·-~~ .. ~-·. W.siijilr. •_ ;;_ . "1iidc_·_T~·_~~---~·t••tton 

of AOL, smmint·ttW~tiiat-·t'fWlldbil_.0& Jtl : ........ ~1t1tel 
obter• ..... Gfisecta.~4wuuaac,m1rs•~ :, . . · · ··· · 

. r' . 

F~, AOL .••• _. ....... , .. ~.l,..R~·-...... ·•1fftte 
rormu1ae, . ...,,.~.,_ ..... •·r· .. .--..--... 

-~U 1tny1~••1M>l1lfri, .. . 
(.2.) For iirnr1181l~lf ... fi9•11t"il'-* ..... x·,,-., 

.,P,1:(J~<,jWf~,····-·_,.,, ..... , ... . 

Th.r construct ~f'l'\s)"P ti' the It& iri•"fll iupa r ............. .,,lfillSJlllllCae•· Iii '·. 

thei!- work on ·~ lop':f•·· m.W ....... --...a). certatnlJ .. 
have, Flllm:t11~: ·• ··•1;• ._,'. ·' ·, ·' 'w'.n · ··. ···;hi.·· 

L_,,,.-1.art: ·1'ar~~, 1Mii~MIA •. 'lfr1'.i~U.W.fl1it'•·l>.l'. 
i' -. ,.\-"'!J.,..~ • ;;> ···.:·.

1
-i:·.;._ ··-: ·F ·;; ~fff):-)>~~U'·>~'-;1 ~~-· :: 

Ttfits1, A>& :ut•Ma aa,. J8Mr.af •.• , .... .-wifj~Wftether 
the :t'lhri' 1'1aitnl: U;; B'lil'll:cwil.xejliDW.,._<ifftt~mlt;· • &, ot+ 
an<f'.·~ut·Wdiltctiifrtlt·ettW'lrtJiP.~P•*'f"iilrtWlf.,,.lu~-~W1i:I_. .· 
ftrsions of e ... : ···#ttftrn~-~~ .. ,.:w'\ih'titWUittl1•i••..W1Alfti.weqD1·ror ay 
of these~,:~," w•·-· .'.ld•;• 1lll"1.•li.l~i~·4.W·e.r~ · ·.·: 
easily usmt'J~~-~~~ .. r~ .. ,.,, ·' · · n I' ·-,vu· :~~->'-.'1 .,._ :-: ·. ·· ';· ... : 
T 11.~m 6;22: la is A-expresstft fer ADL 

Here tao We wtai..,_•~-.~™-*"~'ilf!PIJ;!Mtl'heotenr_3J.._ H~er,_ 
we omit mest or the Pftdy· 1MMt'rtdW: Nlitt~~liil~Mt~:-U&· and- «20.. 

-"'." ! 
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Ltmma 6.2J: For any progrJm a and L-wffs Rand Q, 
if tsA(R:>Q) then lsA((O.)R => (fla)Q). 

Proof. We omit this slightly tedious but nev~ straightforward proof. I 

Having Lemma 6.23 at hand, we ad4 t~ followl'l&J'~-.to p: 
- >". '· ' ·:~ ·' ..... , . .; ' - - '' 

( R), P=>Q 

We also add the ru.les: 

( S) R=>P(n) ,, P(n+l)p<a>P(n) ·' . . . ~ . . ·- - ':,. 

' ··i!:t(n.~Q; '; 

(T) P(n+l) ~alP(nf 
'• 

P( n) ::> ... (n.) ... P(O) 

P(~):>Q 
.,, ,,,. fbrau t-wrr..Prwtth rrtie n, 

:. si ..,,.;(fif~· •r/ ' 
··: .·,.~ ' -

• ~ c ,.; 

Fvr.n l.;1o.wft•P.-.free n, 
. s.t. n1·.,(.) ;'• 

( S) and ( T) ar~ :~tairJed f;""' t,~, t~~"11. *!,~~~ ~n· tU.,:. !~~ q~~ eriort1eut~ . 
from considerations,simtlv to thOse discrlbed ill:~~ . . . . 

:> .. :.;·. ,, ·~ ,4.~ ·. y·~q ,.·~'<·1 "~-~.; .~t~:: :;~~ \,'\ 

R=>VnP , P'=><a>P , pO::>Q 
~ .N 

R:)lnCanJQ . ' ..• 

We do not know,;9( a duality pr~J~ ef' -~~ othfr. nY ~--~-••M with ,...:, 
indices in rule (S). Denoting the multinl axiom systent by P(n), we have 

Tlatortm 6.2., ( Arit~jc,_I So\tndn~ '8ti ~-1;9" ApLl~ f ~i: .• ,y 'Af?~~wfCP, 
l=AP tff 1-p(n)P. 

Proof. Apply Theorem 3.1, arid in the apprOprtate .Place ( l.e when proving that whenever 

t= A ( R~!~U>.) ,hold.& then.~ 4oes .. P(nl CJ\;A~f) ,l,"~~,f~!~,~~-·~.J1'11"~, 
sh~J.ai that their prelJti• can be.~ A-•#14~,~ t~,~ ... ~;by .... fh1) 
to be arithmetical equivallllts ot <a")Q.anct.C."JO,t,..... •' ·. 
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In this chapter we consider......_ Cht ,..11111 de¥11tpl&I lb a..,_ 6."t-. order 
to racttitate rftlCMlttnC ._ dM cllMl•t• MCI ,...,. fll tw••lli"Gliir"~·thme In 
Che set IC; e.g. dM.e tn lite Mt Cf fl wit• ....... dlfti2ill1tt,iefi i;'. 

In Section 1l we extend the ........_ ar CDft'ti at 1 Uoa trees to cr,.cstha' itvihl 
rise to loof>• and fella.,._. Offl' ~-~1 In~-~ we •8r,lller ~ ~ .. 
of ........ fq{,~lf~--/.lt~ .... .Ji.~·.~t .. ~..,,.;\iit' ~:-
provide the ~i ~.C(-f .tf ,... ..... u--.. -~~.,--~j'i ___ that of . 
obtatntne the ••la._ fJl Tti-- 6J. SecltGft 1.J .. ~uaW ................. CFDL with 
loof>a for·~,·ct•tnc CfB1.•, die 11~- UM• ll11l1a·{~1 ~~r~ ....,. 
qviM,U·:tltfl idu.ddlll-Gf'fil-t:# ...... u.2. Tlle .... f/l ......... taltethe 

questkJn of w~z~,,t•.1• .......... clltl'tallr M ••••11~~~~,.~~fl'Olrams. 
. . . . 

.,~I. C..lN'•t1oa_...,....M"B•1~ II»:•••'!· , ... 
' ,;o." e:_["_t. ·_! .• ¥ , },; ,''··-.:- :_-·,·i :f~,·~_:·-:'!··~ {~'ls_}j)t..:'.'; ~}'7lJfu,,~:-_,.f ·:-;{ft.Y ,:-°1'~tJf)p'f.f!Jf~ . .i: 

The~y :anr• tMtl'd(•J).fta,,. .. ..cr· 1114 a·-. l"Er 
tsd«~ ... ~·di . 1 ,~Wijljij~i11·~:e·'tiilr_. .• , ··· ·' ~ 
dame . . y-,.' q.; -;, .·~A"i . ~ 

Cs> ~ c*(Jt ,,, a· fldfl-I-' u "Cf t:4'1JH .J) 
. , : .:-:.~'; --~-;-~· ··~i<r·,.:.- . .<f~ ::s:d; f,~· ~~b.·· _ ~·.~ .. ,. 

r-epti.ttnt:•-i*~', ...... lltf, wtidt•W.~w~~~ 
·~u~.,'l*;""*•••~-*4111~:~•--••llfl•·:a ...... 
tat.eted I. ~ 'C*tJ) .ft • """"••1111••» •••• tif1 ·•tw•uJC.-*;,...4'#1>.J' n• 
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this process can lead to an infinite tree. The additional union with foist? ts introduced 
so that the process or caUing recunively would its:e1f "COit" an edp in the t~ A 
remark related to this matter appean in Section 1.4. 

failure ::::r:::::;e:.ft;!!· i~~J~:;r;r:l:~:a~~ o( t~ ~ 
precisely as in that section. 

Examplts: In the following, J is same .._.,tn N for which YJ""'• and In ~~diagrams we 
let i stand for Ci I y]J, · . 
(a) Take a tc;» be the program ((~,;y+-y+l) u (y..O?;y+-y-1 ;X;y+:~))~. 

pct(a,n I ylJ) cr(a,ct I ylJ) 
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( b) Take a to be ( X)*(f); this is the recursive program which ca11s itself recursively 
"for ever". 

pct(a,3) ct( a ,3.) 
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( c) We; now show how the two different translations of a* Into Cf formulae (both of 
which gave rise to the same binary relation; .d. Ltmma 4.2) gtve .rise to two different 
computation trees. As we formaHy state below, It IS only the ftnt ot these two whkh 
gives rise to trees which, as far as loof1

8 
and ftdla are c:oncemed, are identical to 

those for a*. In all cases we supply a program a and the tree ct( .. ,,."' 

(tru1? u (y.,.y+l;X))*(j) 
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( tru.e? u ( X ; y~y+ 1)) *(J) 



us 

(true? u (X;y<2?;y~y+l))*(/) 



( trtu? u ( X .; y<2?; y+-y+l) ):*.(/) ;ys2? 

. . . . . 
. . . 

Here too we ha~ 

Tla101'm '1.1: For every •ECF, (3J)Em(a) · tff. d(a,l) Ml a leaf labeled I. 

Proof: Compare fJICl('C'~(/),Jt =~#'tu t:{t'*(j)),J) wtdl Cheoblervatton that 
m( 't'*(.f) > = m{ftt1u? u ct~>>. I ~ 
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The following Theorem substantlata the r~ark w«;, .... ift. ~ample (c): · 

. Tltdor1111 7.2: For any •EiC and JEr, denote by fl the pqrant'('ift Gf) lll>tatned by 
replacing every appft...ance of a subp,.rarn of the form r tit•, by 
(tru1? u (#;X))*(j). Then we hrii · c ,. 

ls(l_, • • loot>•') , 
and .. (/GU~ •]ctl: •• J: , 

... . ' 

Proof: The claim follows by ~*l~•ltat #'lf(J'!,J>. • •ld(u.r u.l1;I~) ,3~; and 
/'Ct( ( tnuf :v·(IJ ;X) )~p,Jt.• :fd(i{ftllu'I u:j,...,~,(~~\I~-;~$)~))) ;J) ,: 
but that the failure node cful teithe]td:uJ~tn •~•uidtsan dulzs*l:ttft:the ptu••· 
of constructing ct. I · 

Note thM~for any~ :amt ~r Cll(e,Jl: ts ..... a·_.., f..._outUp'ee, 10 

thllt Xoett.tg"s Lemma ID·Jcan~N- . .,_. · ,, . 

7.2 Dlverglns and l'alllnar. In _OJ1DL. 

As in Sa:tieln 6.1,.we ate fftllll'isteil kl·Pnmdtllr, tor any:·..Cf,·CfDL;.wlfs, R11 

at\d R 's\lth that weltaff Ml'i· •·Nofl.·l"·Ucl·111(1; ''~ )/ hfilMJttt : "· 

. case~ !e wm n~ too1s silrilllr ~·t~ ·~v~ Ai~tmr~- reSub: tn 
Sf:ctions 6.1.1 and 6.1.2, but here a brand new prablem'.O&!irs;-'1"e -*"ten or whldt 
requires defining the formula Cllong(t',Q) a..,ung, far a term ~(X) and fonnula Q, that Q 
ls true at some point just precedinf -a·tlcUtsi~ &II tie ~·clfriac ·l 1ep1 Qemtiml al ~(fl. 

We are looking for a cha~~ct~tzation of l~ ·analaadU .. ·._•,'~.~at ef · 
loop a* in Theorem 6.2; In «def to trJ ••·'kt · ._..,.,.. U and a popible 
analogue of Theorem 6.3, for obtaining our result. 

Recall that aawdtng·to T ........ U~dlJWIA lfln·s*# -·llitMr to• -.1 
divergence, i.e. a dtvqence in some reachable executton of•• or to a Jlobal one, t.e. . 
being abte ta execute, a'• r. eftl'.·. Ta...·~pour ••r -~·-· whtrlh, u.lJ · 

'"•. . 
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' - -~ t,. ;!: 1 • 

t=(loof>a* · • (lnloof'a" v Vn<ll"~}. . , 

·charactertztng loof>t:*(f) is 1tmttar; .here a 1ocat' -~.,..e~-.,.~f¥verpnce ~mstde" 
. some application of a reachable t:, and QR be.,.. .. ,,. W~(f.uc?)· 

(Note·.U. t'is,tdtl1cl9eln.~.-.11••;;•••••ln1111.aca...,..•GrOL; 1we· 
deal wiltttltls~;..._,';.Q;a. ... ~clf,Wilh•--· ...... '-~•••....._ 
Here w. ... ._,., • ._,,, ..... _.._._ ..... _..~_.e;,:iWWth.-amoun•··.i 
to being abte·to "proceed ·inHmtely cie'P ·tnte the·1_,t1"'•· ~ 

Jn .ord'1 Ito capture 'thlti""*°8,we nstlkt..,.._ ·llt'thtl*P• to·~•m-ses 
U in which the domain has at leut twe oiltlMt ................. aw.41MQ. ,.,...,.. · · 
haYe these two elements 11 va1ues. We wtlhhetet... "" die .,....... a and b frtely as 
two variables with distinct values. 

characterization of loof>t:*<n: 

T lt1orim 7.J: .fw ~•"Y •~Cf,, 

~~.' .1.~-)1VnV~~bt· 
~~r'·'.~"_;.O..-_.-•..t. ;,.~'-,· 0·:.·£~~·;··~f{11-' _i·f~-'-.···,, - ._ 

Proof: Assume we have JttlnlO()/'~ft(feldf)~·lt.llc&•euy tO•that ct(t:*(j'),1) 

has at ........ _,....,.aa<1".'..,.,..,hfi,;M4-••--·4tt~(IJ· 
. iL ,·.;;;. ·. ~~ \ ~ >".):~. >· -.- t 

Fdr".fhe 'ftlf~Gf #"'.,_.,_ ·-••atltW'.iihllfzsd ..... __._. • f • _,. • 
U:O and JEr we ·wtmfd litte. to Ufirie the Mt S(l1C.,Jl •t11.,,f/l thole ··ltalel 
whtch occur· tmmedtately before an applacatton or 't at ._... 1•. Dertne · 
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,,_· ,, 1 v·• 

where .v i$·the sec of stat~ J~h. th~,t~e~Of ~~-cf~{x~x;1:'*t)'>,l~') 
tor xi vtir{~f~ulres cOrlst~ tu -~xJY: '1n'., ~; l 1ti 'tAe' s.!i or ... 
whtch executton ar;i*fJJ"carrteacfrl J'l P1W eli~ ~Vf at N t-. · .·· • ·· · 

~-' '. :·t.··· :\'.,"·~~A"°'·<'1~:: .-:1:.t.S: :;, ~~-,t ;'(• ~:dil ·""·"tt ~ ~i~i~ 'J ~ 

Certaiqly, U'..fCM' ~:; t:• bav~?,~>ff-H ti .. l.J--~ ~:ilt•.r(4C~(A) ~.fJL. 
and fut~t1M .-~--1'~(~~-·MM.tf1P ... h'1NI.-.• ~ ··. 
i. (N(lte·t·~~,,.td~.1;1'1rhl.iCM!lt;~"Jffrflllll'P•i'-~l1~"· ., .. '.' 
pct( 1:'( 1:'~"' )., J,).,.l,_\,. ;• '. · ' 7• : ; 'o. . . j. ; .:•Vt;;- ~ .' :'",· . ~" ;, :.~i • i ·' '' t . -!' ·; • '>< · 

, . , .\,._ ·., _ ·, :.:-' _.~'..,, .,·,\ :,,,,1 ,, _...,,,_,, -~-,.:. ~.,:t:,L) l'-.J~~ .;'. :_.·;·_~.;_,'..,, ~.l- ;'t .. :· ..... }_"" .. { . 

Assume now that .11-Vn<,>y~ · We tho! '!'-! for .,., t~JM.~,~(J.~.~l-.l!'tl, .and 
thus ct(c*(j),.f) has paths of arbitrary leftcth aRd II.....,._, t.y Koentg'a Lemma, 

inftnite. (Mete' that,'lfW~ttt··S~)lll>ia ..... ~•\ • ~ P,..,caf. ~ · :7' 

replaced by J°il in the statemeftt of the Thloren\) ~·!~Ji:~J.j ~ · l, bY ~. . 
we have .1ls<1ft>v;:b,1c« ~x,+-q~t;~V~•}G;MIE~rt"!·,~~,,1tn 
ct( -r.,.1>, ~tl'l:~,..~.,,.,~.,,~~lpt,Af~1"1•f 7'>.f; t: .... ~;~flk~ ···,' ,: 
the ,.,.,P,f rA•!•:.rht~*-•"'q""'~·...,...-,.••~~~~-. · 

' ~- ;;~: .,"t). ·:t·'~ '~--;~: . .t~ :?. · •.. ~f"l~:: -' "~··j;~ ." 

(3, ta/xl.J·, Ca/yXa/7.J.J, IO, - , It> · 
.. ,,' 

. .•' ;: . ~.J:,~:''" ' . : .. ., 1J';i·:':. ·· .. 
where y lk =b. Let I be the least in~ j sUch thaJ .,,~ ly ·• canstructian of . · 

-r'(•);lt:ts,evJdent tltateAlldlrtfer:v,•..,.tln111rdi-.f1'rlll\totla, •~• · ' 
the cue .thlllidlie ftlue·:ef JF'tllll •:all!:.._ ...... ,.. ..... ,~fM(-JtJ\d:•Alave · '~i: 
xg1=a~,$Ci.tMi.'""IM'·llll!d-.~,pt'itla---~;a111Lt'-•._."""e,! ·• , 
and cnot. a.otshld ib)r, ex~x~ ·ta Uncl ·~ID.~ .... ..__..,...,....'.Of the'*"'"'~ 
pending in·IJal'f ltW ..... ...,_.,. ........ ,~4tf.,t(.-.,.~.,,_..,ffmri.:the: ~·,, 

=:~:~e~~~~;j~~::::d/;.,=• ... havel~~i,1:,,3) •. Th~ 
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for executing 'Ci tn such a way as to terminate_tn, a.~ ~~~.~,•ltue of y is b. 
Ctven t, stmulate the path correspencHng to •thfi lntttaif-tJlwilt'Cd ihW· Rqlaence s ending 

in 3t, u. ~~ x+-a ~y+-a, atJCl.t~~~<:.$'f!~· '1'-~ ~i~f~ tn, .. , 
-c*(/) , ex_ecut~"'" t~~s and recura:ve conai'.~I ~ .,,.(t~ ~~~~).f !t~twe det'(fttt.ion 
of Jt, readttng tuns.~ IC).,...-.' fat tJ!I ~:~,~~(•J: , •. 
Thus, we ha•e reached " wfCh y Ji•• .a.wt x.i1=a .d·~ y .. ~ b. 

Execution" tn ~ rl 11· tbert°'to: t>t··~ ti, ™•\'Ii ,....,t~' tftttdd·1t1· . 
·tests, ~haftali'VlJ"~~if ~i~W.-~"W.-~iMte 
(no tests to rMf;·1'ci·~if·~*tWMIW~..,~.h~·j·., 
the construction of" any subsecfuent arrival at• wtll llGt chap the'v.Wef'.y, *td ·. 
$lnce vi Hr( 'C), thts value b not chanpd by any odler part fl*' i:est of the execution. 
·1'fnn~~u(>dfr~ .,,.:;- ·"'· _,."' : '· "'Jf ··-··--'.~1 , :,._ · ··. . .••. , · 

,',··· 

We are rtow jnttr_. .jn _....._ ••··",...,.nil!l•blO·dta~;fl the 

statewnt_~_;Th~ 'lJ !-7; CfDL,:-wffs.. . . ;,)'9r., ''wi 'n, ...... ~ .. ,,J: . ., ~ ., 

for 'Mtfhl 'with~~~ tt1sjmtt;cmsMer\tttr'11t •f ''if 1~.g10~t ,.ti · 
which, indtitl~~' ts the Set atsr• wtt1at1tWl' .... {*'1'9Mi"ft"'f}J~1~'~tth 
correspond to~ jrir~'t..-;r~ ... !<" ~twt'.hlW dtftMd, ibftlftf 
CFDL-wff Q atld term -c( X), a formula alftl(t',Q) _...that 

f)~+ ,,- .. ";,,~, \~1f>~\,·,,-·~: ~.r~~\)···: ~, ... 

Jt=atona{'C;Q) iff '(~1!~/ltlt-Q),' •·'; ' ' 
· "(i:~··.~".~l ·.,~ .·!:·.>~ r~,?,·'"t.,, ':_,.:: ;_" .. ~;.·':" :'-~i.T .l· 

i.e. Jt=a/Mtg(-C,(Q)' hOklt ur·Q·ts trw hMll1dillttllf·ifilrllr•to••·~-d11tt>ie.FemFSi'9ecall! · .. 
to 'C in· an ~i-~~,i:lt....-:M..Wf. tnlim'Mialll tilm ....... ........., for 

; ,· J 

every ~.0.·-.~1r,1.-.tfl11Mt~;w--.. 1ru1ulftl••'~:a· · . 
hoffts:tff:fMre!fJ:·•cftV~lit df·•),l}1wlt$fl .. 4flt~.StnlitiWthe·e~· . 

. part (i.euhetttv-.,.JCef:.,.,,._.,....,...,,_. .... .,. • ._QX)l,- : 
,. ~ . "-~ :/"'~ .~ ~ ~ .... 1 ~-~\ .t J :~· ' . " ;·· ' "· 

It is quite clear that JtaJ-...,"Cn(/ol.t-t-)' ~,Hf -~~;$rift~ .. 
execution of ~*(j) just prtor to a recuntve cal lO "C, tt ts the cue that there ta a 

divergenw.in ct{Q~*(/)~.Mhidl 11,a. ~-·~·flllt1'~•••~••.-:~~,{J). In 
other ~~:Jla•nf('C,.f~,~).. · " .. . •. · · ·:·"" ··: · . ·'' . 

No"' _we,proceed;io def.mt ~~,·~·~·~'e,,t.f1~~~i~~';wnti· · . 
LflnfTia6~.•f14Th~ 'f.3.,-~1'l~,,!"~-~~~;·.r•;~.~df,~.rnac1e .. 
tn .~~P't;Y~~ par1Cf•fl .. • a theorem. · · · _ ,, ~."l/ · ,·.· 
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, 
11>x.~ ,.:~f ~":':~le 
lPll,• •dr 1001111, 
'flf:;>O.•, Fc1r ~"i?f• ~ , . " . '" . , . , . : '"x ..,,. ,:tff':: ~., \ .. :.J . .. · ' ; r 

'"11; x ;I',. = df ( ,,,,,,,~ v <l>l'x;I';•>' 
·'~1"t12,a :lidf iU;•l<i« Vt,l~,cl.'. :on·.·,· 

'? ·.:.~ ·,:·: . .)¥ -~~~- ;_r·,-' ~·~ 

Now for definit:1g alng{'C,Q)we use trklt$ limllar to tfMile u$ed In constructiRC ~ 
and • for Theorem 1J. Civen 'C( X) 1 Jet x,YI .,.,..( t:) "- two variables, let Z....C 'C) and 
let Z' be a v~r of disjoint primed nrsion&.tl-~1""'~~:'#1~ .. ~;.:··. · 
in particular x ,yf pet( 'C) ). Define t:•( X) to .,.. d X) With every .appearance of a ltlbprcapam 
.ca or the~m.Pi?:M 'd~~ r~ ._ t.~;,U!~ IM;1¥!f!f1 ~;elf ...... ..., .. 
variable X r"'ace~tby · , · · '' " · 

· ··,~ .. (tx•aT;y~~if~;Z'i7,\iu:j~ ¥ N··.t,:w , ,, 
·where Z'+-Z abbreviates.the ~itton Or tti~·~~t/i• .. i f~.ait i~Z. Nc;W, 
define al011g{ 't' ,Q) to be . . ,. . .. , , \ . 

<x ... a; yc-a ;-c~j)i( r-b I\ '<z .. zt>Q'). 

From these ~rvatlons,'tijgether'WlU(tl.e .. '~ll;iC,ttte''cottitrUctlcJn or· 
lfJ'C,a and along{'t',Q), we obtatn: · · ·. '··: u, e · ··' i ·m·, · · · "'' · •· · ~ .. z · 

Theorem. 'l.4: f0r every term 'C(J(~ ti~ \tf Ye . . . . ~- .j , , : $., . , ;. · . , .. 

li=(Jnlool't:"(falst?) 1 'dmg(~, 1,1:,1:*(/)))• 
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Now observe that the definition of «1.wf(-c, l'f ~,k) 'Wf~" only CFOL-itffs . , .. -v, 
and constructs of the form loofla where a tndudes-omy ~ama amwartnc tn 1:'( X). 

We do not know how to deal with the right hand-~ Or ............ ,.3, so that we havec 
;~ii ':' . n i:J' ~'.:-~ 

OfHn Probl1m: Is it the cue that for every a«:f, td,l'CXl;ift4,ll~'P there exists a 

·CFDL-wff Q·~h that.'fit~ :t~'CR--~f). 
-- ., ~-" . . . ' . ; c. fi, ~J~ /; ~·'.:; 

. An affirmative answer to t:his quest•_,,... .. ....,..~ ~~· 6.1 and Theorems 
1.3 and 7.4, that for er loo!J., is -prmibte in CtDL · . 

• c i· . -'\ ,1~ - ' ,. 

· ~ 1'ave~ un-abll! m:ftnd u-etelMt'aM .,.._,~al'alpftlftm1f0r 
constructing, given •fCt, the~-wff~.·~th~HR••~a>. Mlit.:.~w. ,
can show, though, that such +it,.;; etwt; ltliilil'*'i~ ._. uotnterestinC cue 
analysts. The. _d,tff)cu1ty '!as tn ·f'tnctillg a CFDL-wf'f ft ~ that ~ -ha•e __ , 

. ' .. , : .. --tf -- - •. !,,~: ·.; "' ··• .;·\~~'. .,,..., :":', ~1;~--~ ~;:-;_- ;'}:~-~~·.:. .. _::~~ 0·-;~_:/f ~: !} ' - /t:l'}·:-::.·, ,, 

3t=jl't is to hold whenever there ts a fatlUre ln tt( 1:('t~IJ)) ,.n due to 't (Le. the _ _ . · 

ranur.e ~~~--~~ ,~~-ar 111 at,~*Q.1 :J? ror- ;ft~ln~f. fJJ.-~~it~YtWI, 'lfrt.nar to -
those'oY~roJ.'~ll''~;e -~~ .#s'of~ ire't.l~ '"~r'~N.-'~~i~ _, .. it" , .. ;v lfP~'''', -·- f - . , 
;'·- --. ,,~.:; -:·:,.··<~··" f:· · ·~ .. -',.-t····-:: __ :- ,· -·:.·~'~ .. f f'.7.~ ~" . ."~-~ .. -"'/~·ft~':;:·::':;.~--~ ..; .: :._-'•:r .. }: ·:~' f';·~ :"'·.~',-: ·;:~ 

. We pose f~ the reader ·the*"~ 'p~'or.lleaJinii(·i·~ufsd~age of 
Cf (or total-cq rettness or~'"reo,ri ,;,;,~ ''id.,~ .. wtt. 1

· i at iffii d arded ', ,: 
~m:nc1s·,§r!'~tJ;Je 'ct'ii~+lfd" "'- · ', ·· ·' -~~u~ti.,,\&·~--
property thal1tor-~Jl~an·f>e~taiecs'a~Vf~·~- ' ··· .~'"*'ir~lcl'~·:, ."-, " 
interesting to try and find ~lse rules for ~ .,._ • all of the four notions 

;~;~:~(]~ib;::t:!:&ij~~;!t?.Cn~~~~l~~~~~,,h~ 
. rr·:,.;··-·,ji.·· -c~.,, ~\-_'r" ; ._ .. 

7.8· CPDL Aqm-,~·~ ~tb lo0,.')cl~~,:~' 
In this sectiOn we augment CFDL with'"°"• and refer to the resulting logic as 

CFDt..+. Although there seems to be no reason .0. abltre~ate (<.OP v loofJ•) to <•>+P, we 
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' , .. .,.,.. ·'.,r. J 'f r;!, ~,-··-
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will ~? ;SO in ~~der ~ ~ ':9gSiJt!'t. With,,,~ tf~tq(J:)L~ ,,,~ ~~: T!t~ ' 
virtues o~ aurmet'!ting .q,~L.·~·~~>fgof1Jl 1~r~ ~~ ~J'°0.~L !~ ~~.+,-,t ~~ ~~ 
or Secu~n ~-~~ w~h .~~,,~~~,:~J ~~~ft".,...ffm';cffff fl~r~ ~F~,~ :1"" · .. -. 
_expreSJtb~Jn Crt>~,-~~-~ - ~'Sl.-~~''' <;F~f'.( flQL~,,1Jf, ~~ ~ t• ~~ 
is proper In· the ~·~(obtaining iltktlY .note expnUtve power •. The aJdom~tntion ol 
:Cff>L +,,Nhidl ~ ,Jld\tldf. tn ~ 1.»l tf'-net;cf8* W:1t11ia8 Wtftc'ti' tlaa cwtS«ti&f 
6.U for DL +. We .. are .Of tbe,,optnton thatti& searctt:tora deaa ._ tormalhm fOr 
reasoning .......aty:.-.t'·.---~:(....,.,fllllil'tlt' lif~f'OtV~-jdnlttve) 
might •~w..-...... ·~•'•tedlle•flMl.........,W~iGf!l~ 
about a·signiftcant tmta-•afJSJil .:"H:': ' ';•""-· • "!'"' ''·u~ ,\<.~ ; .. ' ,,, ' . ',OH: 

7 .8.1 . Deflnltlons. 
·- \ f"': -~ ).~ 

The definition of CfDL+ is-.....-roDlli~-1t1.en•Mttnt.:.D(t.lae:JMstc , ·7 • • 

. concepts from DL and adding: 

(1) Any atomic formula ~.4~.~Ql.~~' · :. ) , . 
(2) for any crt)L• .. Wff's'p''lfta'Q;·~ iaCF.andvatlable x, 

... p, (PvQ},,~ .;J~P,i:t">r: ~t'~~~·"'·~ .. , . 
we ·bb~yiat~ a ~ ~"1 ~'•·dt~!b!)~,-•;•J•~~t~. 
defiriitiqn, ~ '~· 9f ~.·,.~, ' ; ,'.:' ;~ .•. l ·~\) '·_·.',. ,, ' ·. ' .' ··; 

7 .a.a. Axloaatlsatlon ~f 'oPDL •. 
:' ;J - ", .. 

' ':. ·j/ " ".. . ~- ; $- '. • ) : • :.· ~ ,· • ·) ' ' .. ·~ • --~ 1 ': -

The basis 'c)r oar aiiomatt1atioft ts theorem 7.3 whkh; we can ROW npttrase u: 

ts(<1:*CJ)>+.rf'~ .. • (;tn(1:"~Ti~·Hr;·~ Y~:~-~~~>-
and l=(C1:*(j)J+tnc1 • (VnC't'"(/«u?}:rttrw I\ :W:1:"]Y,"b)). 

, · ,.. :~ ~. .' ,.. i '_: ;, .- t . i~. i , J ':v ; ~ · , .' ·~·. . • 

Here 't'n Is tbe program (x~aar ... a;'t""(t1)) where 't" Ind ti wen defined precerltnc 

Theorem '1.3. Also, in the sequehie·11N t:"(~Jtr:~1ff*lldMt 'f..,._'1i..4~ · · ,_.·7· .. -

Our axicilnatilatl8R lte~t00>wl1libf•lf•• arr• fPOti•·Whleh ll~cleflned as . 
CF'DL + but with the procrams CO!mtnr from the set Cf". As a. ....... •;_ we .a-~"-·.· 
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the fact thatm an' arttl1mettc.1 untverse A tlffn ttisb, tor 1:ny t;fCF,, ~ L-wff P sue~ 
that .pZ·~xpresses a. The probleti tttat arises ts ~~'~'il.e-tr~'a(a,J) for . ·· 
... er <•~ &pti9Sld to cf.>1

':• ~*-~'u'tg·~llf'~''ii;·~~- tftat :or' · P' ' . "'~ . . . . . ., .. ,, . 

difintng loop : ,,e Ni.~ ftke<: tt t6 l,e Ute case dtat r.V·ii ~;~)' ~ i hotel~ .. . 
~v.;~:i~":.' • ...;. J~r 11 ;:~ ~.~,,.\ff~~:~~~!fa;~ .,,_' 

: , ; i ~- ,·~o:;-~~ •,:.·~~ !C -- J W_, · ... ~~ i 

One. ~,is tc>~_,(._l~:to<:•'~~;f•••-~,_..... 
w~~"":~t1'Jn,4,~ ~,_,lA~1-'•~•••iht1'1PP11Md ilD'a list; or 
string, of O's and l's); for P tlle tree would . .lte defined (re 11t1•t~_,, -,: . 

Then, we would define Jtr-1oo11. to hold tff ct(a,J) has aa lnflnitepath (which In this 
case is notweslar.ttye11t1t1111!MtlOM•tJ)'.,.,.11*-•>r · .· 1 · ·' -~ 

Another, equivalent, method. ts to associate with any~.· and Jfr a s.t of 

computation trees CT(a,J}. fer pZ .•• :~.~~1 ·'' ·: ·:'' "'' \ '. 
,. ,-:1··~~;- - ·~: -.-·-<. ~- -:! :::i ':-- ) • t{ -i~-~-~" . ..: ::"'-~ <L-~~ -

CTfPz,.1) :· ff(A,JJ)(0,1fl flfJ)E~,.Z)" '):·· 

The rest of t~'~Jntt~·tS'~·'*·~W·:rcf·dW·d~ntt'*'.o.f'd{fi,J) above. 
~ ... · ,., .. ,, .. , .. ~.~~ ,~ ~'t •7"' ,-._ ···.··, .. '\' .. - , 

for example, CT(a;fJ,J) ts the let of trees obtaiMd by r~ut·YM'~ of' 
ct(a;JJ,J) for every tree tn CT(a,.J), actacMnc _, cne in C'f(l;ll to a node labeled I 
whenever ct(IJ,$) was to be attached to iltat ~tfl~~ "~';'~!~].;· .. , . , . L 

Example Let a: x4-x+l, P: x<x:. ~ Z=(x). lor,~_', 'f':' ;~·~ ~'~ !~ h~ve: 

CT(a,J) = { {(~,.1),(0tCl/xl.1}} },, • ·· • . 
cr(,,Z,r1 f>~1}} ~- ('tQ,t1/ii)j~(b~i I xi>1J, 
er( a; pZ .fl = { {( A,Jl,~o,t~ '/'~1'~;-~IJI ~1>~, }. . 

, ~:,,. ''·\·.,, : .;,' t :· ~j,, '. ,-/ ~. J~ ~;, :· J·~ : _'-~ t- .. -~~ :~ ... _,~-' 

and thus I 

Now' de.fine. Jw..;4 tff tQere. ts an U.ftlth4Hr•ln ft~L · · , 

J!e.r:em..-k that •'-"Y 1o¥,.:Jt .... •IJ;dt1811&,_.-GE.,:.ail4'*'-'for 
•EGF';.Cli°{*t'I)·• {uta,..l)t,.: •' ,. · ''i<n~ '.•;.··:'..,· · ~ H;nF j .. ,, • 1; 
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Let A be any arithmetkal un~ve~~, ~~'l«;prl~d.er t~-·~~,.~~ R•.ror CFDL+ 
defined as R of Section 4.3 augmented with axioms (C>'t-'fS) Of ~ ln Sectioll· 6.2.2 ~ the 
following axioms IP~ r,u~ .. . .o . ... .. , . . , . 

(In the foliowtng, p'~d1Q.att L-wtts, R Is a Crl'tt~~;'~(ffis a term,' x and y ate 
vartabllli ·a,- Nr(~);-;Z•r{tr};'·V 'is·.ttt.,....,, ............... _. .,, a.........-r·Z with 
x and y, and •, 't'' .ct tT':' art-e ;.. ~--o:~l·. · , · 

( V) 

(W) . . . . . . 

R => ( <x+-aiy+-a;'t'"*~)°Cy=b A <Z ... Z'><'t(QZ»Y46«l 'V t~(x+-a;y.-a;P(n) '>y~b ) , 

PC o, v' V') =><•>V=v-'· :,· ... Q{Z';l'l :::t·'(~fyj'lZ.r1 \\,~. "''P(Wif}i,"f ;Y'Jit~'t'{·Pfnr"J)~y. 

(Y) . ·1 

R => ( Cx.-a;y.-a;t="*(j)J(ytdb v CZ+-Z'I't(QZ)]+1J1ll) "lnCx.-a;y+-a;P(n) V]ytllb ) , 

V=V'::UiJP(O,V',Y) :"', ·, ~4111 :;:a• C't*CJHO'~,,z)•0:<·;·ctr¥'•l'n•rfi.C'.(P(n) ylilB(1t+l, V', V) 
• "-I • ~: .•; < 

Provability in R+ is defined as usuaL 

T la1or1rn 7., ( A-soundness of R+): r or any crm.:wrr f', jf .. It'., then' tk AP~ . 

P""'.f: ·We· establtsh ~ A-aiGUndnest ·Of tlte additianarutam and nlti'lj ·-.I then use 
Theorems i4.1l>· and 6.15 ftt'~the relUlt? ·· · · . · · 

We show then, ~hat for any L-wffs P and Q, trDL-wff Rand term 't'(X), with x, y, 
-e, 't'", ", l' and :v"u above~ •xtbm ( v• fi'A~ft1tif, and ftitit;('Y)- at.c1·1(1Y'}( ..... 1 •e · 

, • . ·14> .· . 
A-validity. .· · · · :; · ''' ;,,, '· · .· ·· 

( V): By definition. 
( W): We ·argue-:that the A -vattdtty ot_the fttst ptemtae ti tMs. tute, tinder the ~ 
that the other ihTee an! A•vafiti:lll!ifs\ thit: . · ·· :' · · · · · ~· · · · · · · 

··-------------------------~ 
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I= A( R ::> ( 3nl(1()~~n (falu?) v V n<t11>~bJ,, 

which, by Theorem 73, i~ that Ii= A(ll:><~~n>·.fcd~l. <,~ t~#t:t-... ts an 

,atJbreviMieR of (x+-a;y+.a,d{~~)jOl And -11-,~~~ .... ;pttmt1•• et.., ddn 

the Hut, assert, respectively, m{P(O)V)c;•>flrdf~--dQ7)f•cl · · ·· · 
Vn(m(P(n+l) V)~('C•(Pftt) V))). One can~ lhoW, by Mduettoft on n uatn&' Lemma'·'• 
that Vn(m(P(n) V)Cim{~"(•,))). C......vendv, .,_ rf.ta .._.Iler. u a~ thari' ' 

'C*(/) but ts dlverfen"-free, one can see that ,_,'f(cf) tmp1te l;'C,t:*(/}' 

an~ hence a.lso th.at dlonc(~,f-l'•Of)> ~ ~~1'~~1.: .~Y V. 
J"~ ..,, the tauer IJ .~1'ifaJUf)• ·J+D""'tt;. ~~:any ,...,;·)>,~) . 

is "smaHer" than 'C'n{..,J, OMattlft·tMt ·¥tt<it+1t';,.•tP4n}V~ Implies· Vn<~n>y=b• 
Thus, the A-validtty of the first premtse9f·~lWJ ~ ~ 1>1.0,~•(J) ts 
A-valid, and hence we obtain the A·validtty of lhe condllllon. 
( Y): Dual reaaontng to that or (W). ·. I 

The proof of atttmn..- eom,...-.-·Rt,.._ lht'lt....worJt' of'..,,..... 
proofs in .the.ptftioUl.cbaprers. Ya.apply Ta.11.-:U *'·•-lhlftlthalJtl. 
hypotheses hold in this partkalar cue. firJt.•;---, · 

Tlt1orem 7.6: L is A-expressive for CF'DL •. 

• ? I .. 

Now ~e pro~~· b'5iC bofC1- • d~Jr~•l8UJJM;F•'9*"' .-~t (Gl.,,lng_our 
remark, in Section 6.2.2, about a .. double f~,""ff--~~l.l,~4'1J!t~an., . ; 
our final result. · 

Tlitorem 7,7~(0~~-c~Theofem.l~Gf~~J,1<:'.for.,v.,-)l,.cr·,a~ L-wf'fs It 
and Q, if It A (R=><a>+Q) theft 1-R+(l=><•>•Q). . ' 

Proof: As in tt.~ proof of T ... tm 6~ ... n:, tJ,r-asw1,ff:>.~·-- •• .,~'.~! ~~w is 
that ifl=A(R::><a>•/alst) then 1-R+(Rtt<•>"~l~~ 't~~.,.Jt~~ tq 
inducuon on the structure of a. When a is of the form ~J) for some term 'C we show the 
existence of , L-wffs Q and P(n) such that the pmniles. of rote ( W) are A-valid. Smee 

these premises involve onty CF'DL-wffs and the formula ("C{ Ql} >+/ol11, m which the 
program is of complex tty lower than "C*(f), the resuk wiH follow. I~, by Theorem 4.1 
we can take Q and P( n) to be L-wffs invoh'iftf, rtlpeCtlvely, anlf variables tn Z and V, 
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and such that I-A ( Q = 'C~,C/H a~d fqr ~In "• (f~l~::~ t:'"~•ll~ · AH Ute,pn.mbes -~ 
easily ~ to ~ A "."Valid for UllJ 'choice. . '' I . ' '' . ' ~ : 

Thtortm 7.8 (Box~~~- T~ePr~/or.qrpi.•): r~·~~r::·~J.~wffs ~. 
and Q, 1r1sA·(a:,cCl]+Qltlteftl"·R·<l:UJ+Q>. . .. · ·- . . . . . . . · 

Proof: As above us~g r~ (Y). Q "'4 P(n>:,~al'e0:·~-~·~,P~ "'.~YJ. .. ~I 

And thus, as remarked, we conclude: 

ThlOrtfft 7.9 (Arithmetkal Soundness and eamp....-1,or CF'DL+): for every CF'DL•-wrr P, 
l=AP iff '~1t;'P.' . . ,. . . 

Appendix E contains a proof of a erm..•-~ ·~ rf.,:<. 

7.4 

In th ts section, bati!d VJ;on· an tdea of.,_ C'41~;- ~· how. tt '•• ~bte ro 
define notions Or dt~ftl'~ ~1'1.k.ifi~W~W~'~ ot. ·· 
comput~tion tf'ft$>,'·t111t _.,;....,tht11at ............. t.wtifi•.. . · · 
expr'5sions. In I•; ~,.._ ...... -~ ...... llr.1~.!~ .......... ,'0f a··· 
set of sequences of assignmenu and.tm.. An .,.....•vpshotuthefac.t._,..._ ... 
concepts of langua.p-diwrflng and lnpcp-ftllllaf are .,....., for r.e. pracrams as well 
as for;~: ~-~t'"tan'._,(seld• 116)1'1 ..._.,~~--•,·4Mlnc 

· independent ofthe•art--~;~---•l>Jelzt ... the..,.Panl,'~la.-,, · · 
coincide predl!tfy with _.:l.._:--.'flMlw· Ille.~•·•·--~ tlfidttro. · 
phenomenoncwhk:h we_,.. ~.:lfMdl.-..llltlt•M ttMkM"W..._lnf ._ 
seemingly ad ltoc definitions of computation um in ~aa&t,tbl. ' 

Let A be the aJp"'a~ of~llltl4• ..... ntaend~ lft J)L.., ,Tfie 
programs we consider here are subsets oi A*, Le. ,.. of f1nitle litt'tnp ·or asslpmentl 

and tests. We·'* 8,,0; ..-.m,dlnMe ....... .,..~ • ..-. ltt~•...-Ji..-.C,' ' 
denoting.t~~.p,..am.. · ··· . · .;c; _ ~, ·· '· 

Let JEr, B~4*, and aEB su~h th• •fill. We.., that a ii 3-pod if we have 
31=~aa>tru11. where •a is the stratght-ttne OL progrlM olalMd tw·tnterthC •;• betneen 
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every two etemeftts in the string a. Now' defifle 1fith.r-llo#is irf ~ere exists an 

infinite string s over A, every finite prefix of whtdt ts i ~ tit' an 2-gOod etemeftt 

of I. Intuitively, Jt-tc.,..,_l't_ ~ tflat tt _. pa1 ~ ~~ -~ ·~ ~- 1~lement or B 
and tiler\ stend that elefMrnt ~-,_._.111i~JllfiC5 .. ~-~ time, 
Without ever "Jeavtng• I. . . ' . ~.,, • •. . 

· In ordet tit be able to compare ~- ... io., we .a,.t tke stUtdard translation 
T of a regular expresston tftto the .... ( llt f6 ltrillp.) jt dt!fines. Define T: 
Re .. ~* as foHows: · . ; . · .. 

T( x.-e) = {x.-e), 
T( P?) = {P?J; 
T( a ;I) = {abf ~T(•) /+. ~T<IU, . 
T(d) = T(a) u 'f(I), .. 
T(a*) = (T(a))*~ 

We now observe that, contrary to expectatmb, tt II not the cue t'- fo; all atRC we have 

.. (loop• E ~~~l~P-y(a)). ~Thil (~J.._,;~ ... ~~hiT(~~)~T(&J**), 
and_,,tt,9"&hJ1~J.a'IF,~-~·~·...._lUf.,._1 t4wi;.~s. Thjs 
situation ta '"'°~best apw.d w,~._,.._,_..__.._:to•a regular 

expr•~·14•~--- •:tn ~,.,... .... .,.,,_.. •cqll•••-. · 
language"'Cli¥._f. 

For any at RC define a• to. t>e • wJth every •11••MJ:of'tthe form II* replaced 
by ( tru-? u I*). Tm •. we are etptiddJ IMtdtlaf tllc ,.._,"'flrlllll nalldng" Is a 

legal executa.. et .tJ•. ln·dlls way; ~:.a dftl· •u:I 11 ··.-•*CW iMWlelftPtY} 
compU4atiort for •·Vel' ,_. .. -~-1 .. e1M111Wdt~ ..... --Wi81te - of 
strings {true?1t }k~O- lformaly, we'ltaft 

Lemma 7.10 (Neyer CUU: for uy atlC, ... ,_,,_ • •r ...,, l't'.cr'll. 

Turnin&.nowtothe·coaciept Gf;~ii ~ .... .., .... ,._,hose elements of 
a~B which are not J-good, by prunift( them at the .. ,.a.t whel:e11,_.'fMted 'and Inserting 
the special indicator r. Deftne a mapping·~· 6*xt' .. ,.,.,,, •. as fOltows: 
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w(A,.t) = A, 

p(xf-f!,J) : . Xf-e, 

. ~(P?,J) . t·: :: 
p(a;b,J) 

It ts easy to see that this definition ts a unique one. ln fact, for any a and 1, 
~( a,J) includes only asstgnments, and possibly 0ne F u tM latt element tn the strlnc. 

Language-failing is now defined as follows: ltr~cni-falla lff there exlltl atB 
· such that p(a,J)=bf, and such that (or no cfl ii It tt,e cue that. t(c,,f>=bd w~ 
d"F. The intuition is that B includes a lanpap-r...U,. tn .stMi J if cme can, aecute a 
sequence of instructions aE B starting Jn state 1, and reach a fa_. test without being 
able to continue from that pc;Mnt in IOITle other sequence· in I· ( t.&. no lmmedtate alternftl•e). 

Here too, it ts not the case that Jc(/aU• • l•t"fallrc.»>· The 
counter example being •= ( xf-f! u · (fcl11? u /ol11TJ) for wfttch we have .. fall. but 

ta ... l<Jnf'"fallT(a)· We proceed similarly: 

for every e1ERG, define•" to be• with every aubpqrlfft of the form "1T 
replaced by (x ... x;~ u y..-y;,-), for some x,yt.,(e1). TttuJ, we antmarkl"I the fact 
that we have executed a union and have gone left or rtcht. 

lA111ma 7.11: for any •ERG, f=(faU• !E lanfiaUT(••»· 
. . . 

A similar treatment of the recursive procrammtng languap CF can be carried out. 
Here the counter example to l-(10011. • lanf"l~f>r<~», · wtth T extended In the 

standard way to context free grammars, ts the Pracflm •= ( X)•(j) for which we have 
tiloop« but nor ~lang-looh(•) since T(e1):,I. The cadtnc tJtck needed here 
tn o~der to capture loop• by asserttnc lanr(oo/>r( •'") la '° take a• to 
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be• with every program vari"'* X •a..,,._. ... .,. Mform-'t*tft rf'placed by 
( trru?; X). Thus, we are marktftl the fact dtat a naarltw aR ·~ a, unit. 

.i..-~/ ~- :~~.'i.·,~ ... •· .:·1:· 

Thts pantadar ~ of detintftl )!pmn- tadfp ende_. nottons seems to 
jUsttfy catefuf tn~ k ts .,,11N111 tli"8f._, ... tt.,, .-.wume any · 

extension Of ttw stawdard *'tfllK•• flf wh:zrtllfl •" wl1t1t\p.Wi to Pftlll'aml. Its 
drawback, howe.er, Mma to "1e m the tai '· ..--..4' crstu14 _. (llt our apmton 
htghty ineuitm wt MtaralJ c~~uLJ• -~~)!- ....... •••a form of 
encodtftl from Wftidt, a erft'llt; •~•IJMI ritlfi 8dl .. tlle computation 
trees) can be fft9111traaal. ~ -: \ · " · 

:~ : ''!',• '.' 

. it' . •. ; ~ i',~ 

'·~ ' , ; ' :" j ,, 

'·« 
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8. Conolu~lon ·~~~.'~!:~lo~",o! 1.!~~\~~k~_,, 
The following seem to be the main contributions of this thesisl 

( l) ·Provision of a comprehens1ve and r1goroul·d9:1'*""1 cl~~ c:ww dynamtt iogtc. 
,r- J.1;-,~' ~ '''"'~''\ :; ,;: I ' .':~ .'•' 

(4) Provision of an an&IOIY ..-.,.1 
•. ~~;~1rtg ·)ii: t6 ac1ean 

axiomatriltlOrl·ii··~~-'djn•IC' *, W-i-tle\ .... an~ect 
in rel$0ftlng about the dlvft1in1 and faUtnc f1I recunf'1'M._ . ·•• . ,,,~ 

There ts. s~lll a ,tot of Vlork to be 'dofle. Most or' ttW,;~i(ilrj!tfOI. .... -·~ tf'troulhout . ·. 
the thesis ate ~o do wttb -.._·.·-~-~~-~---· ·• «. ·'ij'-~(~li __ ·~_~1l .. itfii_1'_.,..'Gt~"- · 
will tum out ro·bt! qutteeasy'~~'.te'·'~ ··; · it~\i'j ... ~llllllM~tfr'·be 
gained, thUs eastfti tM tali .;,..>.;.ttftl ttiilt1herf ' · ;1 

" · ''.'! '.i\' · '...., " : . " •' · · · ' 

The matn directtons, dtiecrty relat«l to thW lhdi~;:lt Wt.Ith we woull recbmmend 
that further work be'done are:· ~<L ·· ; · . · ' · · · · i • ·· •· ·. ';" . · 

( 1) RteUTSlVt prograJ1tS: We feel that there ourht to be. more natural way (0 'realon 
about recursion. As is quite evident from our. work an ... , the primitives of dynamic iapc 
are not only adequate for expressing tnteresttnc p,.,U.S of ~tve programs, but 
also enable the reasoning about these properties to .. anted • ~vely tn a · 
structured manner. For some properties P of prv.w, a natural -.y In which to proye 
them of a*, is -simply to prove them for .. every• tn _.. .,., pnwlftl Ca*lP(c). Thu• the 
problem ts reduced one IHeL This is the esaence·ol the Nies fot "*' ln our vartous 
axiom systems. r or recursive programs the 1ttuattaft ..... to "411 different. Here a 
one-level reduction of the problem of showtnC a fl'operly to Mid ol ~*(j), is to show 'hat 
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•t holds of 't' when 't'*(/) ts "l>kalled tn.". Thus, the .,_,< ~,Q) construct of Section 1.2 
seems to be an impOrtant notion. And so, although die primitives of reeurslve dynamic 
logic stiH capture some of the prepertm dtat we are ........ ., 1n111.W1«1 m (and so 

they ahauld nat be ~'1f · ~'~'~.· 'ilr..· · .. ~·~~~f~~}(i , ,: expressing other ~or ....... , ... •· ··.· . ... . . ..,, .. In Med QI 

extra tools. 

(2) C9~1utatitm (('-": !~.'~ ··~-~-~-"11 ~'fS havillg (; 
in mind the need for malttnc the trft a "fair" dem ...... ti die aamputatiOft by asstgntnc 

. f; 

costs to"'~ ~-~~--~~_,~)11JPr!"it;ft""~~ ~~ •·, 
~~:,:'~:-!::,:,·:an ..:e'~:r~·J:~~~A~!.., 
program optimi~~'ff-r:P,r ,_,.:··~r~.f4t&~! ~ ~ ~.µi· , 
::r:;::=~~~~~.ol.c~~~~.to 
falsifyt~ .• ~!~!(·qt.:·~~.;1,.m;~~,.:-· .• ~, ·. ···. ·+ 
approprt~~,~-.~;~~~r· ~~:.M .. Jl#t!'i', .ft:~11· . 
fct'•;I ancffadl<t*(Jt:,, .. ~. ·-· ·. ··'.\ . L.} ~:ii';•:: . ;;, . 

<ll rflfr«l:~~lf-P~•~}~-.. ~ ~~ . .@~1~ ~-"~fA·i: 
reasoni~M?t.t<Jr"!!fl·~~·-~~-·~1~~~-1.1~,i .. ~·. .~ 
some .. ,..:~P!'1t.f~~.~ .. ~~~.·.·. :. if: .. · .... ~"~.-·"'tf.t'» ........... T~.·.;.',;f. .. · 
prhrnt~ves tnc:hide fer exaillpk ttrar. . ....., "~~-.~ ·JM.\ ;:,Ptt1}ff .... !S~ .. l «i·.·~~.~~rP::-f .. 1 .old, s"~,~'t:. 
would M interesling tom....- tlM finl .-.. ..,....., .... Wflkh. iftdUdetheflt 

pr. ·~~V~~.~·'···~ ... ~'Jftj~.:,...,.(f9fi·?!'., •.· .f~.·.J!.~. -.·_,,·~.~.·It 
seems that a cleaA ...,.. tnntment Of the Pfalltl · et·imtnlltf,l""Jfteff'l~• ttt•run~. 
in parallel, in the aptrit otthe wott ._,.,.. ...... .._.,., .... .,f>IGllllMI, 

ts yet tc;> ~~r~.c. ·, . ,. .. ... •:lye; ,w . ~ .. . · 

'. 

T I '~· • "' . ' ' . ':. > 
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We show that EPDL of Section 1.1.1 is embedded in a simple algebra of relations 
which employs only two operations: convent~.~al;~~J•),, ... a new 
unary operation on relations, mt1'"S kl• .W~c~._ . ..,.~~t~ relational 
algebra which· seem to justify further mearch. . . . ' . . . r • • 

Since EPDL does not involve operations °'1 '"'1'ar1'~< ;'.', P•~~~ :this appendix can 
be viewed therefore as providing a loolean~lpb,.. Jib' abstraction of a modal log1C in 
which there are pq.tflbly many ~ll~cte... 

Ctven a set of symbols~ including one special 1yt:nbol I we deft~ t~ set 9(-C) 
of exprtssians of the rtlatumal alg"'4 over 't as fqtpvs. . 

/. / > • t. 

(1) All elements of 't are in •(c), 
(2) for evetY e and fin•<~)~ (eef) a.Qd -:-e ~.i,n 9('t). 

• ·,, < • ~- •• , ' • ·.-- .: • ,, -: ·.·; 

An interprtt4tion I or•(~) is a p~r (V,r).\V~ V ~~a~~ set, and r: 't ~ 2,VxV,. 
such that r( I) =II . · . · · · 

r Is extended to the set of expressions 9( 1:) by 

;. . . . . .. . . . • . •, ·. ·.~ . ••.·• '1 '.··. , 

rfe•f) = r(eJ • rUr = {(s,t)J <~1d((s1•lEt(e) and (¥,t>fr( r))}, 
r( -e) = -r( e) = {fs,s) r (Vt) {tsAlf r(e),}J. . ·. ,·. .·. . . ·.. . .. 

Thus, the min~s operator ( ..;} connect$ s to Jt.iet ltt: s WU con~ .tQ ~· ~ qf v 
in the orlgi11al re!ation. · · · · 

Lemma A.I: The set -•(f) = {-el eE9('tl} -~s·a ~ .... with •a~ ~ ~"' 
intersectton and ,~h!fMnt l~vely. · · · · · 

Proo.f- h is eaw to shpw that 'the itandarcl. pottu ..... for a Boqlean algebra an 
satisfied with O::iif and '1:;-1. .. I' ·. · ... · ·. ··. 

·•.·• 
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P:>Q and CllP instead of PvQ anct'(OP. T~· ...... W. .,.tct-IW·hiprded at'~bbtevt•Mins 
In the obvious way. 

.:.'· 
. , t' . 

tU· ffw ntr1·1'f*P; ·''ftttJ s -~ :. ) ':' · ,;·.f<,_. · · ,, t·:i ' 

· · · (fl 'Ftir netf~l~·ilcft'1Jt1.Wff1 P.M'Q, .. ,.,Jt.~·· · 
f(;~. :..ff(.P} .-f(Qt')t"'·"';' ~~d: ;;. 

f(...Pl·• ~Pl. . . 
: . ' fffdPt~·J(i'J ~pt fr . :' . :•(¥' ,q;,·:1 k·. ·:r'.;t- . 

. •,( 
• .. _:;, "l • .-. ', ~I ~ . 

Given a structure Sa(W,•,m) for £PDL, deftnlthti~'s~' .. 1tt(AF b '/ii')' tO;tie,. 
1s II ( w,,,~ ~~ ~- : _.- :~ <>i bt;\ . "llH ' '· . · . t ' 

and 
r(p) = m(p?) 
r(a) = m(a) 

for Pf'At, 
for ~.4P. 
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elementary logic of programs in an ~r~.of :~t~,pklt·~.- anly ,ctwo:qwer~;i'" 
Theorem A.2 shows how to embed EPDL In tttu alPIWa 9. , 

- ·"' t, 

Note that, wtt~ notation JlachtlY,<;~ed .,~~·:""':~:''° 'f,, ._._,, •. 

f( EfDL) . ~ .h9 u AF} j; 9.-

Both inclulieo1..,-e ~; f,Of ,C$el'~I ~t\P ,t~~' -",.t:e~Wtf.P Mtl. d\at.r(-(a •.all , . 
= m(P?>,.~nd ~tso the.-e is no ex~ tn l:-~MMt~~-~1~:M-:~v~ ., 
interesting problem, then, would be to inYestlpte the relatianthip betw.n • and f(EPDL). 
for example, what is the complexity ofi·~~·'.~,jfb-'t-i)~.-~IW'd ls it to 
decide, for arbitrary eE-9, whether for every interpretatlaft r(el • {(s,s)l .stW)? We know 
that validity in EPDL, and hence diagonaltty in f(£PDL), is dtddable. Is thl1rtrue lD ~9! 

Another possible direction to go would involve investtra@ng_~•~llract" relational· 
algebras; i.e. ts tt possible to give a finite Mt·cpf;.8'f!dnl 'flat'a triple (K,6,1&) Is 
to satisfy in order for b and a to act like• and -, where ( Is 'Mt of binary relations 

over some arb.ttr~~X .~ ~ 6 'fld; "· ••:~'1~ ~~.~~~·on,K, ~ept~~~· 

~~:b;~.t~:=~:=:==.r~~~~~r~~:;:# · · 
tlieornu would seem to be of considerable intenst. 
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Ap.,..._ ·9: .-..,. Of•,,.,.,'/',, DL11jffrl~ 
. ~-,r.;;- 0 ,,,. - :· ! ~ "t 

We tketch the ~ fll a....., In P fJI ttw •• •,...... Qf the 
<d•MlnMitcJi.-..wi~~·:ClMd.-~.,if••t•jic4'.I>~ 

Vie alSW'M the _..._ II ti -~f'ar .. Jit:{ .. .wt1 
....... ·w•• llolCh IS < 

etc. u abbrev•aUeMf«dte ... -.flnt . ..,,._. ... .., ...... •••• 

ref~~~-... ~·w·tMil~ ... ·~·~J·Wf~·~· thatttittltit~fiit .... trttliW~stWM liii'' -,eiv,, .. :p. '~·. 1 • «;·: :iJ .,. · · ~ . 
{ ·"· ··~;~~ - ;•:e··-: : .. :~·:·.··· .. :r(,;1.1:~~·~ .. ) l:..t.:_,~-:~ . •1 .-h·~ •. ,: 

Deflnf • l0kz?;111+U;r-ri," 
Ii lf-t-10 ;r-y•t. 
,.: a*;(lfltct A Yt'l)!;I. 

Ye pro¥e the N-valk.Hty of 

by deftnmc the COMerPRt P(n) u ,._.. 

P(n): y>O A i>0 A 111~ A ..... ,+Uy. 

( NOte: P( n) ia in fH: the arith••kll lflUi•._ ·el (~'Pl91 A ycl).) 

We prove (m P) the felh• *"' thr« ,....._, _. ..... •· .......... fl the clertved rule · 
(1) c••• the CMduttan' 
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( lObz A y=l) => JnP( n), 
P(n+l) => <'Y>P(n), 
P( 0) => h=191 /\ y=l). 

,. ,_,.....,.~7'---."'' .. ~~,·;;,~ 
•1: 

•) .:t->. •• 

The first and thtrd ()f these can easily. be .,. U) ~ axlGIM in (I) ( l.e. 1'-yal~. L:-wffs). 
We prove the secQRd, (*). · · , ;" .. ·.· ' . : .- · .,, ·. · ·· . · 

Abbreviate 

and 

100<-z /\ P( n) 
lOO~z " i~90 " P( n) 
1<90 /\ P(n) 

to. P1(n), . 

· to « -__r,2( n) ~ ,, 
to ·p3(nJ: 

Certainly we have that the folloWing il.·H-v.alid and hence an axtom: 

(**) 

and so we prove for t=l,2,3., that 

P1(n+l) => <'Y>P(n) 

and use ( **) to conclude ( *). We omit the cases tel and t=2 whtch are reasonably 
straightforward. r or t=J it ls sufficient to prove 

We will actually prove 

which is in fact 
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We use (J') again, this time with the convergent 

Q(m): y>O f\ z>O f\ z<90 f\ n=89-z+lly f\ m=jloor((lOO-z)/ 11)-1, 

where m=Jloor( a/ b) abbreviates ( a~m·b f\ ( m+l)"b>a). 

It can readi1y be seen that we can pr~ve in P: 

P 3(n+l) =>]mQ(m),. 

Q( m+l) :::> <a>Q( m), 

and Q(O) :::> (z>78 f\ 89~z f\ n=89-z+lly), 

which completes the proof. I 
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.A. ppenc:llx C: Exo."4jl1 ,/ • P~l!>f of a Cf~· Ii'&. 8. 

We sketch a proof of the ~rti~~~·.- CIM f~ ~~ ol ~Ion 4J. · 

We prove, using standard artthmettcal alJbrniatklql 

l-fi-1.-x ;'t'*(/) ly=x!, 

where 

First we prove in R 

(1) [i+.x]z;:x, 
and ( 2) z=x :::» C't'*(/) ~x!, 

and then, ustng· ( H), ( C) and, ( E), we obtain the ~IL 

(1) is trivial using (C), To pron (2) in R .we apply the dertved rule (N') u 
follows: Note th~t var( t:) :( y ,d. T U..e . :: ' . " · 

R: z=x, 
Q: y=z!, 
P: z'=z I\ y'=z!. 

We have left to show 

(3) z=x => C(z'cz I\ y'=z!)(y,&)]y=z!, . · 

and ( 4) ( z'=z " y'=z!) => C( z=OT ;y .. 1) u ( 1..o?;i+'z .. t ~i*i=z I\ y'•1!r' Y ,z) 

;1 .. 1+1 ;y+-y"z)](pz' I\ y=z'!). 

To prove (3) we use ( 10, obtaining 

z=x => (Vy" ,1")( (z":sz I\ y"=1!) => y"=z"!} 
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which ts an.axiom tn (I). P1ow6"(4't; &, (rJ:'(cf:W.(!)1~ kt.pi0¥-bd ·· 

which acam is an ax.._ • (I), .-C 

(6) ( z'=z A ,;ay) => CztlllP;a+s-IUsz /\ "8&!)1Y.aJJ 
(°l'sa+l /\ f'(pl)a1~). 

The latter we prove by ....... .,_ R 
"\ ; ~ 

'. ·;.~ 

n; h'=i A ,..,, => cP«;i+-1-UPO, · 
and (8) at ::t C(PI" y'sz!)l,J.&)l((mztl" J".(a+ll•i!) • 

. "· 

The prqof' al (7). ts_._,...,. <C), (D)l JO ~t'l! .t"! (~,'we applJ Utllla\-,Jl) 
again, to obtain 

"·.;·' 

which.is~ utC.n in (I). ;·. 
,, '~ . .... ; 

.•' 

~. ·. 
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Appendix D: Examf?l1 of a Proof ofa Dt..+·11//ln p+~ 

~sider the following program 

or: ( x'41? ;(( x=y? ;x .. x+l) u x~x+2))*. 

Assume a state 3<:N for whtch x J=O. Then, st~~ f~ O,, x p,ts increased by 2 as 
. . ' f . .. • . ' 

long as x d.oes not "hit" z: Also, if x happen• tq';."tt.-l ~~~ ~ ~Y 1 ts 
permitted before the by-2 increases ar~ -~ .. ~~:~·<~".• w~h are of 
interest in such states and which depend on the valuest tf1 thae states, of ' and y, ·~ 

(a) whether x can be made to skip z~ and 
(b).-.a.r. ~.cm,be.1Qlld~ to hit 1, 

and can be written simply as loop« -.nd. ~•>x=z ~Vel)!. The beh•wor of• in all 
states of N in which x=O depends upon whether or not 1 and y are odd, and also upon 
whether or nor;•y<i. Thi -~ ~cuauon Ja .._ .'r" .-;trtl ••.tf* ,.,._. .Uhl, ,. 
and 1v1n( d stan~ for lz'h=l+2z') and tts neptiOIM•t•tively: . --

odd(y) IWll(y) 

loo/' •. /\ ~~~" . ';: ,'. . y>1 
odd.( z) loo/I• I\ .,<a?1'=z L 

.- .-., 
' 

loo/1• I\ <•>x=z . y<i 

""T r 
~ .. ,,, ·- y~z . 

tvtn( z) . .,/oo~or 

,,.,, '" <•>xiii . • • 

y<z 

(Note that .,loo/1• implies that <or>x=L) 

-----------~- ----



142 

· Tie now prove that 

' : . ~ ... ~ -:;,.; "< ' 

Cert*t;MsMft' ..... ~U • .,,..'Art••·~<~~~":jWl.Nr which....... . ' ~~.,·1. :·~-... ·t):?i.'- ~i·'.},;~·-:~·";"':;{-: ·,~"'~ : ::.S-"1 ... ;j \·" '' 
4

_";;· :.,.: '~ •• ; •.' 

we also a.a-. Pai).......,_ . .._ .......... <4 •tail/Fl. We IN left,,.., 
With h•*l •11"'" -~-................... ~.......... ' 

.... " ~" , .. 

'" .. n~·~-=>~;·-- •.. '" 
and f P(p•l) 11.· ._...,!:) ex.z..Cak 

(2): 11e,.,...__.. ............... ,lf).·-·· .. t1 tfq,_a..,,1frt1P •. Tie 
tak•. P lO be stmply .. ··' , ;0P·cii )l ·'' · 

and it is euy ta tee tW (..0 f\ ..wlaH:# ta,........,_,.._ an ua.n.of p+. Also, 
_. can ......,. lit P thllt 
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P => ( u•z A <x ... "+2>Rl, 

( 3) z Similarly ( U') Is used, ~· here,~ ~l,Y~{ ff)' tlk•r" lte, 

y<z I\ 1wn(y) I\ ((Ntt(z) I\ n.n(x)) v («Wft(z) I\ (y<~"~.,("'-1-H. 

It ts easy to see that ·~ xa:O I\ 1M1( y) I\ y<f) ~r .k;flf ;:~,- ~:;!e, ~ve to the reader · 
the task of vertfytnc that P:::t<~+p ii pnwabll In P"'(tn.tact P=><l>P ls), and then an 
application or < tr> comp~ tM ~·" . ·' .. ,_ . . I ... - .. 

~ ' ' . 
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Appendix E: Exam/JI' of• Proof of a C.FDL+•r./f '*If+~· · 

for which tt fs t'tfe ~ that 

.. "<~·:t <~~fv) •i~.>t - . .. 

holds. We sketch the prcit' tn ff+ of one directtan,......, tklt 

( u=O f\ M4( v)) ::> loofJ • 

ts N-valid. • ts or the form 't*(/), and we have by deflnttion 

•= (yflia? u ( ysa?;x=a?;yt-b)), · 
and 't'(X): ((Ulfv? u x+-b) u ((u,tv? u x+-b);uw+l;(X u.x+-b) ;u4"1l .. 2))*(j). 

We apply rule (W) t~ldng" to be (o=O I\ M4(v)), Q to be/afH, and P(n)=P to be 

( 1w11( u) I\ tHtd( v) · I\ u•=u I\ y'=b I\ x'=a A x•a I\ pa), 

where V=(u,x,y). The third premtse of rlfle (W) la t11¥Mly N-n\td. Con1tderln1 the 
second, we can easily prov• 

( u'=u I\ y'=b I\ x'=a I\ x'=a) ::> <y:a?;x•a?;y~( . .-=u' I\ x=x' ·" y=y') 

and hence establish, by further propoittiOftal aew1mc 
. ''. . .. 

P ::> <•>V=V'. , 

'. 
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Also, one can prove 

P => <u¢v?;uf-u+2;PV;uf-u-2>V=V', 

from which the forth premise follows. We are left with having to prove the first premise. 
This is done by proving 

which simplifies to having to prove 

This again can easily be seen to be provable in R, giving the conclusion, I 
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Errata fo-r MIT/LCS/TR-200, by Dq.vid ll~el. 
. . .·. 

Page 43. Rule <H> should read: 

( H) 
P=>Q 

and 

. IaJP :> [a]Q 

Pages 38-39. Theorem 3.1 a,nd, ti. pr~o~ should read: 
' ~ ·-.. r 'c .,. ••• 

Theorem. J.I (Theorem of Completeness): for ar;ty unive[Je U and M-extenslon L(M) of J .. , a 
U-sound axiom system P(M) for L(M) is U-complete .;,~en4ff~: 

( 1) PCM) is propositi0nalty complete, 

(2) Lis LI-expressive for L(M), 

(3) for any HK, variable x and_L(M)-wffs Rand Q, 
if ._PCMllR=>Ql ~t1l~' ~P(M> ctftit1*.=>'tMlll9>, 
if t-P(M)(R=>Q) then .. P(M) (lxR => JxQ), '"" and 

(4) for any HK and L-wffs Rand Q, 
if l=u R then .. P( M) R, 

if l=u(R=>(Mk)Q) then .. P(M)(R=>(Mlr.)Q}, and 

if l=u(R=>.,(Mk)Q) then .. P(M)(R=>.,(Mk)Q). 

Proof: We have to prove that if Pis an L{M)-wff such that t=uP, then .. P(M)P. 
By the propositional completeness of P( M) we can assume that P is given in conjunctive 
normal form, and we proceed by induction on the sum n, of the number of appearances of M 
and the number of quantifiers prefixed to non first-order formula, occurring in P. In the 
case n=O, P is first-order and by the first ljne in assumption (4) lt ls provable if It is 

U-va1id. Assume that n>O and that the theorem holds for any formula with n..:.1 or less 
appearances of M and such quantifiers. Ir P is of the .form Pll\P2 then we have t=u Pl and 

l=u P2, both of which have to be proved in P(M), so that we can restrict our attention to 

a sing·te disjunction. Without loss of generality we ·can, therefore, assume that P Is of 
one of the forms: 

Pl v( Mk) P2, Plv-.( Mk)P2, Plv3xP2 or Plv.,JxP2, 

where HK, and the right-hand side di~junct is not first-order. Thus we are guaranteed 
that in each case P2 has less than n appearances of M and such quantifiers. Let us use 
p to denote (Mk.), -.(Mk), 3x or .,]x according to which is the case. 
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L is expressive for UM)," and'io rdian}'lc"'11~.;;\~rr~ {~~~ff ~·-11-wrr()L. 
which is equivalent to Q. We have then l=u( -.PlL ::> pP2L). Now, using assumption (4) 

'(since PlL. and P2L are l..-wffs) we also have-'-.;,~: ~ .... ,,,., _ _.. , -:i: "• 

Now surely, by the definition of PlL a~d P2_L! w~ have l=u (-.Pl·=> -.Pt1} and 

Fu (P2L = P2). Both these last formuta~ttive.;Ms than n appearan~s-Ot M anii such 

quantifiers, and hence by the inductive hypothesis 

'f;·P< ~> ~-.Pl::; -.1'1L> · · -i~<t 1 
· • 

f-p(J.0 (P2L ~ _P2,> •. 

By assumption ( 3) (together with the propositional ,cOlllplet~ness when the ~Qllc;I a~ forth 
of the above cases are considered) we can obtairi"'i;&'\l'the~fatt~i '.·,,; " · ; - -·• ·. · 

. (+++) l-P(M) (pP2L => pP2). '· ·,;;_{.'~' .J,, 
Froni ( +), ( ++) and C +++) ":get,, u'in,I R9,f>.o~i~af,~~~~~1t:~Jr1{1~}.~~r1.~pP2); 
ort--P(M)(PlvpP2}. 11 ....... ;,,, ,-! .,,,,i:; _._;< _, "l-

·_ 0 • ... ... ~· 

.. , 

.'· . 
- t.-. 


